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A 3D Smoothed Particle Hydrodynamics Method with
Reactive Flow Model for the Simulation of ANFO
Guangyu Wang,*[a] Guirong Liu,[a] Qing Peng,[b] Suvranu De,[b] Dianlei Feng,[c] and Moubin Liu[c]

Abstract: ANFO (ammonium nitrate/fuel oil) is a widely
used bulk industrial explosive mixture that is considered to
be highly “non-ideal” with long reaction zones, low detonation energies, and large failure diameters. Thus, its detonation poses great challenge for accurate numerical modeling. Herein, we present a numerical model to simulate
ANFO based on improved smoothed particle hydrodynamics (SPH) method, which is a mesh-free Lagrangian method

performing well in simulating situations consist of moving
interface and large deformation, as happened in high-velocity impact and explosion. The improved three-dimensional SPH method incorporated with JWL + + model is
used to simulate the detonation of ANFO. Good agreement
is observed between simulation and experiment, which indicates that the proposed method performs well in prediction of behavior of ANFO.
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1 Introduction
ANFO is an explosive mixture of ammonium nitrate (AN,
94 wt-%) and fuel oil (FO, 6 wt-%) with a density of 800 to
1000 kg m¢3. It is known as highly non-ideal, high-porosity
and low-density explosive, where the fuel and oxidizer are
not mixed at the molecular level [1, 2]. Differing from other
explosives such as TNT, it exhibits special characteristics
such as low detonation velocity, long reaction zones, low
detonation energies, and large failure diameters.
The characteristics of ANFO have been studied a lot by
many researchers through experiments [3, 4] and theoretical studies [5]. Catanach, Hill, and Davis conducted series of
experiments on diameter effect of ANFO, and measured
the curvature of detonation front using ANFO cylinders
[3, 4]. Bdzil and Aslam proposed Detonation Shock Dynamics (DSD) theory that the velocity of detonation normal to
the shock is solely a function of the shock curvature, and
incorporated the model in their code [5]. For the numerical
modelling of non-ideal explosives, Borg and Jones investigated projectile impact experiments using a fire reaction
rate model [6]. Kapila, Schwendeman, and Bdzil described
the Ignition-and-Growth model in a finite-volume method
and applied the model in simulation of LX-17 [7, 8]. Souers
described a simplified reactive flow model (JWL + + model)
and applied the model in the study of size effect of ANFO
K1 [9]. Tarver and McGuire applied Ignition-and-Growth
model in the investigation of detonation waves of confined
high explosive LX-17, PBX 9502, and EDC-35 [10]. Garcia
and Tarver further described a 3D Ignition-and-Growth reactive flow model of PBX 9502 and compared simulation with
experiment [11]. Guilkey, Harman et al. described a 3D Eulerian-Lagrangian approach and applied it in the simulation
of size effect and copper-confined explosion of ANFO [12].
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Kim and Yoh [13] investigated size effect and copper-confined ANFO using an Eulerian method. Besides these continuum models for the mixtures, the pure ammonium nitrate is also an interest in atomistic-level studies, including
mechanical properties [14] and equations of state [15, 16].
The SPH method was first proposed by Gingold, Monaghan, and Lucy [17, 18] to study astrophysics. Afterwards,
due to the advantages of SPH method in tracking moving
interfaces and dealing with large deformation, it has been
applied to solve fluid dynamic problems and beyond, explosion, and hypervelocity impact problems. Liu, Liu et al.
[19–23] investigated the feasibility of using SPH to simulate
explosion of high explosive, underwater explosion, shaped
charge detonation, and so on. In this paper, the SPH
method has been applied in the simulation of detonation
of 3D ANFO cylinders, where heterogeneous materials and
their interaction, phase transformation, large deformation
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and high strain rate are involved, to which the SPH method
can be of advantageous.
In this paper, an improved SPH method incorporated
with JWL + + model is proposed to simulate detonation of
series of ANFO cylinders. Then, the simulation is compared
with experiment and good agreement is observed, which
indicates that the proposed method can well predict the
behavior of ANFO in detonation.

!

where n is the unit vector normal to the surface S. If the
support zone is within problem domain, according to compact condition of smoothing kernel function, we have:

Therefore,

Thus, Equation (5) can be rewritten as:

2 Theoretical Formulation of SPH
2.1 Function Approximation in SPH

SPH was formulated to solve hydrodynamics problems that
are governed in form of partial differential equations (PDEs)
with primary field variables of density, velocity, and energy
[19]. It was also extended to solve problems such as solid
mechanics [18]. In SPH method, the entire domain is discredited by a finite number of particles that carry individual mass
and occupy individual space. Any field function f(x) in the
problem domain can be approximated in SPH as follow [19]:

where W is the problem domain, f is a field function related
to the three-dimensional position vector x, W(x¢x’, h) is
the smoothing kernel function. h is the smoothing length,
which defines the influence area of the smoothing function
W.
The smoothing function W should be chosen to satisfy
a number of conditions. The first is called the normalization
condition:

The second is called the Delta function property:

To calculate the integration of Equation (1) and Equation (5), a summation over all particles within the support
domain is implemented, as shown in Figure 1.
Therefore, Equation (1) and Equation (8) can be rewritten
as:

where

2.2 Discretization of Governing Equations

The governing equations for hydrodynamics problems are
Navier-Stokes equations. The standard Lagrangian form of
the Navier-Stokes equations consists of, first, the continuity
Equation [19]:

The latter is called the compact condition:

where k is a scalar factor associated with the smoothing
function for point at x. It defines the effective area of the
smoothing function. The effective area is called support
domain for the point at x.
Based on the product rule for derivatives and the Gaussian Law, the derivative of function f(x) can be derived as
follow:

Figure 1. Support zone of particle i.
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Second, the momentum equation:

where

Third, the energy equation:

where 1 is the density, e is the internal energy, va is the velocity, and sa,b is the total stress tensor, which are all dependent variables. xa is the spatial coordinate and t is the
time, which are both independent variables. The total
stress tensor sa,b consists of two parts, one is the isotropic
pressure p and the other is shear stress ta,b :

For the explosive gas, the viscous shear stress can be neglected compared with the isotropic pressure. For solid materials, shear stress can be obtained from constitutive equations of material.
By implementing the SPH method to approximate density of particle, an approach called continuity density is employed. After manipulation, Equation (12) can be rewritten
as:

Similarly, Equation (13) and Equation (14) can be rewritten as follows:

where a and b are constants. f is used to prevent numerical divergences between two particles, c and v represent
the speed of sound and velocity of particle, respectively.
The viscosity term associated with a produces a bulk viscosity, while the second term associated with b is intended
to suppress particle interpenetration at high Mach number.
a, b, f is set to be 1, 1, and 0.1, respectively, in all our simulation.
2.4 Kernel Gradient Correction

To reduce particle inconsistency and improve SPH approximation accuracy, a Kernel Gradient Correction (KGC)
method is applied. It has been demonstrated that under
circumstances such as irregular particle distribution, variable smoothing length, truncated boundary areas, the SPH
method with KGC is of second-order accuracy [27].
The implementation of KGC method can be described as
follow: first, a local reversible matrix L(ri) is calculated using
Taylor series, then, the original kernel gradient is multiplied
by L(ri) to obtain modified kernel gradient.
In the condition of three-dimensional simulation, the
modified kernel gradient of smoothing function riCVij can
be calculated as follow:

where ea,b is the strain rate tensor and P is the artificial viscosity.
where

2.3 Artificial Viscosity

In order to simulate the transformation of kinetic energy to
heat energy across the shock wave front, Monaghan type
artificial viscosity Pij is introduced in the implementation of
SPH [19, 24–26], which can be written as:

Vj is the volume of particle j. xij, yij, and zij is given by:
568
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First, the unreacted explosive is modelled using the Murnahan EoS:

2.5 Smoothing Length Update

The following method is used to update the smoothing
length of each particle during the implementation of SPH
simulation [28]:

where punreacted is the pressure of unreacted explosive, n and
k are constants determined by experiment, u is the relative
volume, which is given by

The speed of sound for the Murnahan EoS is given by:
where hin 1in are smoothing length and density of particle
i at time step n. For convenience, Equation (21) can be further written in the form:

where vin and rinWij are velocity and kernel gradient of particle i at time step n.
Thus, the smoothing length at the next step becomes:

3 Equations of State and Constitutive
Modeling

Second, the modified JWL EoS is used to describe explosive products:

where A, B, C, R1, R2, w are constants derived from experiments.
The speed of sound used in the JWL EoS is given by:

Third, a rule of mixture is used to combine these two
EoSs for intermediate stages of ANFO:

3.1 JWL + + Model

The JWL + + model is incorporated with our improved SPH
code to simulate ANFO. Compared with the standard
Jones-Wilkins-Lee (JWL) that uses a single Equation of state
(EoS), JWL + + model introduces an extra EoS for unreacted explosive. It also allows the simulation of ignition, which
means that the explosive can be detonated by impact. Besides the extra EoS for unreacted explosive, JWL + + model
keeps the standard JWL EoS for explosive products. The
JWL EoS is an empirical mathematical expression written in
terms of specific internal energy, pressure and specific
volume of explosive products [29–31]. It is used to calculate the pressure of explosive products as they expand
from a certain high-pressure, high-density state after detonation to terminal state at normal pressure, and gaseous
density. The JWL EoS works well for ideal explosive like TNT.
JWL + + model is a simplified model that includes time-dependent chemical reaction, allowing the ignition as well as
the reaction process to be modeled. The JWL + + model
can reproduce the size effect and detonation front curvature [9]. It mainly consists of the following parts:
Propellants Explos. Pyrotech. 2015, 40, 566 – 575

where F is the burn fraction, m is usually 1. Similarly, the
speed of sound is estimated using the same rule of mixture.

Finally, the reaction rate can be described using the following formula,

where G is the rate constant, b is the power of the pressure
and Q is the artificial viscosity, which is set to be 0 in all
cases.
In the implementation of JWL + + model, the state of explosive can be described by reaction progress that is between 0 and 1. 0 represents unreacted solid explosive,
1 represents the fully reacted explosive gas, and the
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Table 1. Detonation velocity of ANFO cylinders obtained from experiment [3].
Charge diameter Ø [mm]

77

90

102

115

128

153

Detonation velocity (experiment) D0 [m s¢1]

1570.51

2467.95

2852.56

3108.97

3317.31

3621.79

number between 0 and 1 represents explosion products in
the mixing state.

4 Numerical Examples
In this section, a 3D simulation of detonation of ANFO cylinders, which is used to reproduce size effect, is implemented using our improved SPH code, and the results are compared with experiment.
4.1 Study on Size Effect

ANSYSÒ is used to generate the initial particles for our SPH
code. The process can be described as follow:
First, the 3D geometric domain is meshed using tetrahedron elements. Tetrahedron element is preferred because
they can be automatically generated for any complex geometry. Then, at the geometric center of each tetrahedron,
a particle is generated, as shown in Figure 2. The element
edge length l of tetrahedron is used to control the total
number of particles used in the model.
Size effect is a typical characteristic of ANFO, which
refers to the phenomenon that the detonation velocity
varies considerably with the diameter of ANFO cylinder. In
this section, the detonation of six ANFO cylinders with diameters ranging from 77 mm to 153 mm is simulated, as
listed in Table 1. The density values of all ANFO are identically set to be 880 kg m¢3. The length-to-diameter (LD) ratio
in all cases is 10.
All cylinders are detonated by impacting from one end,
as shown in Figure 3, where the vz of red particles is set to
be 500 m s¢1. The instant detonation velocity is calculated
at each time step based on the location of detonation
front.

Figure 2. Tetrahedron element and SPH particle. l is the element
edge length of the tetrahedron. The red dot is the SPH particle to
be generated.
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Figure 3. 3D model of ANFO. The diameter is 77 mm. LD ratio
is10. The initial vz of red particles is set to be 500 m s¢1.

The unreacted explosive is described by the Murnahan
EoS with parameters n = 7.4, k = 3.9 Õ 10¢11 Pa¢1 and 10 =
1160.0 kg m¢3. The explosive products is described by
modified JWL EoS with parameter A = 2.9867 Õ 1011 Pa, B =
4.11706 Õ 109 Pa, C = 7.206147 Õ 108 Pa, R1 = 4.95, R2 = 1.15,
w = 0.35, and 10 = 1160.0 kg m¢3. The reaction rate is described by an Equation of reaction rate with parameters
G = 3.5083 Õ 10¢7 Pa¢b, Q is 0, b = 1.3, and 10 =
1160.0 kg m¢3.
4.1.1 Influence of Element Edge Length

As mentioned in the previous section, the particles of the
3D SPH models are generated through ANSYS. Element
edge length, which is used to control the average edge
length of tetrahedron element, is a fundamental parameter
to determine the total number of ANFO models and furthermore, the accuracy of the SPH method.
According to Souers et al. [32], for JWL + + model, at
least 4 zones per mm are required for the simulation of
ANFO. However, similar research has not been done for the
simulation of ANFO based on SPH method. Thus, in this
section, the influence of element edge length on simulation has been investigated.
Series of length are used to investigate the influence of
element edge length, as shown in Table 2.
In SPH method, smoothing length is a vital parameter
which determines the influence domain of each particle, as
described in the theoretical part in the previous section.
Thus, it significantly influences the accuracy of SPH algorithm. An ill smoothing length can even cause failure of the
method. Thus, a tuned smoothing length is necessitated
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Table 2. Simulation to study the influence of the element edge
length.
Element edge
length [mm]

0.0109

0.0124

0.0140

0.0155

0.0171

for each simulation based on SPH method. Herein, a parameter called smoothing length coefficient is introduced, as
shown in

where L is the initial smoothing length (since smoothing
length is updated at each time step, initial smoothing
length is only used at the beginning), l is the element edge
length, and a is the smoothing length coefficient.
The simulation result is presented in Figure 4, where the
diameter is 77 mm, length-to-diameter ratio is 10, element
edge length is 0.0109 mm, and smoothing length coefficient is 1.065.

As observed in Figure 4, the explosive product gradually
expands as the detonation front propagates from left to
right. The distribution of pressure, smoothing length and
reaction progress at 400 ms is shown in Figure 5.
It can be clearly seen from Figure 6 that when element
edge length is less or equivalent to 0.0140 mm, the simulation starts to stabilize and approach experiment. When element edge length is set to be 0.0155 mm, the simulation
fluctuates obviously, especially in large-diameter simulation.
When the element edge length is further increased to
0.0171 mm, there is an abrupt decrease of detonation velocity at diameter 102 mm (1/R is 0.01961 mm¢1), which severely deviates from experiment. Moreover, failure of implementation of the program is observed at diameter 153 mm,
and that is why the simulation data is default at that point.
Furthermore, the simulation agrees better with experiment in large-diameter simulation (R  90 mm). When diameter of ANFO cylinder is less than 90 mm, the simulation
distinctly deviates from experiment, which may result from
that fact that under the same element edge length, models

Figure 4. Expansion of detonated ANFO cylinders at different time steps: (a) 100 ms, (b) 200 ms, (c) 300 ms, (d) 400 ms.
Propellants Explos. Pyrotech. 2015, 40, 566 – 575
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Figure 6. Influence of the element edge length.

4.1.2 Stability of the Simulation Result

During the simulation of ANFO, detonation velocity is calculated every 1000 time steps (one time step is 5 Õ 10¢8 s).
Thus, as the detonation front propagates from one end to
the other end of the ANFO cylinder, detonation velocity
will be calculated about 7–9 times. Thus, an average over
the recorded detonation velocity from 3000th time step
(Because recorded detonation velocity generally stabilizes
from 2000th time step) is conducted to obtain an average
detonation velocity, as is presented in the previous section.
In this section, standard deviation is used to analyze the
stability of average detonation velocity.

where vi is the detonation velocity recorded each 1000
time steps, ñ is the average detonation velocity given by

Figure 5. Distribution of pressure, smoothing length, and reaction
progress at 400 ms. The influence of element edge length on simulation is shown in Figure 6. (a) Pressure. (b) Smoothing length. (c)
Reaction progress.

with smaller diameter have much less particles, which reduces the accuracy of SPH method.
Thus, we can conclude from Figure 6 that the maximum
element edge length to implement stable SPH simulation
of ANFO is 0.0140 mm. The preferred element edge length
is less or equivalent to 0.0124 mm. If element edge length
is greater than 0.0171 mm, the algorithm will probably fail.
572
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The result in presented in Figure 7, where the x axis represents diameter-to-element-edge-length ratio and the y
axis represents standard deviation calculated for detonation
velocity.
It can be seen from Figure 7 a–c that when the as diameter-to-element-edge-length ratio increases (means diameter
of ANFO cylinder increases), the standard deviation of average detonation velocity tends to decrease, which means
that under the same element edge length, the average detonation velocity tends to stabilize as the diameter of the
cylinder increases.
For Figure 7 d and Figure 7 e, it can be seen that under
these element edge length, standard deviation fluctuates
violently, which indicates the SPH algorithm starts to
become unstable.
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4.1.3 Influence of Smoothing Length on Simulation

In SPH method, smoothing length is a vital parameter to
determine the accuracy and performance of the algorithm.
To investigate the influence of smoothing length, two
smoothing length is applied for each simulation, as shown
in Table 3.
Table 3. Simulation to study the influence of the smoothing
length coefficient.
Element edge length [mm]

0.0109 0.0124 0.0140 0.0155 0.0171

Smoothing length coefficient a

1.18

0.968

0.837

0.636

0.514

1.065

0.871

0.753

0.572

0.463

The simulation result is illustrated in Figure 8, where the
x axis represents reverse of radius of ANFO cylinder and the
y axis represents detonation velocity.
According to Figure 8 a, b, c, when the smoothing length
coefficient increases, the detonation velocity decreases. For
Figure 8 d and e, since the algorithm starts to become unstable, the influence of smoothing length coefficient on
average detonation velocity is not clearly observed.
The influence of smoothing length coefficient on detonation velocity is shown in Table 4.

5 Conclusions
An improved SPH method incorporated with JWL + +
model for 3D simulation of non-ideal ANFO is proposed. An
innovative numerical technique, kernel gradient correction
(KGC) method, is also applied to improve computational accuracy of the algorithm.
To validate the model, series of ANFO cylinders with diameters ranging from 77 mm to 153 mm are detonated.
The detonation velocity is obtained and compared with experiment. The influence of element edge length on simulation was investigated and it is found that when element
edge length is less or equivalent to 0.0140 mm, the SPH
model starts to stabilize and approach experiment. Otherwise, the SPH will fluctuate and become unstable. The
agreement between simulation and experiment is better
for ANFO cylinders with larger diameter. We concluded that

Figure 7. Influence of the element edge length on stability of
ANFO model. (a) Standard deviation of average detonation velocity
for element edge length 0.0109 mm. (b) Standard deviation of
average detonation velocity for element edge length 0.0124 mm.
(c) Standard deviation of average detonation velocity for element
edge length 0.0140 mm. (d) Standard deviation of average detonation velocity for element edge length 0.0155 mm. (e) Standard deviation of average detonation velocity for element edge length
0.0171 mm.
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Table 4. Influence of smoothing length coefficient on average detonation velocity.
Diameter [mm]
Element edge
length [mm]
0.0109
1.18
1.065
0.0124
0.968
0.871
0.0140
0.837
0.753
0.0155
0.636
0.572
0.0171
0.514
0.463
Experimental
detonation
velocity
[m s¢1]

77

90

102

115

128

153

1605.5
1764.5
1549.5
1768.8
1585.2
2020.9
1739.6
1896.4
1844.0
1894.9
1570.5

1955.9
2256.8
2057.6
2353.3
2115.7
2453.0
2308.8
2413.9
2315.0
2306.1
2468.0

2335.1
2541.9
2466.9
2690.2
2534.2
2716.0
2774.7
2828.6
2422.2
1424.6
2852.6

2616.5
2847.5
2770.3
2984.8
2809.2
3007.1
2983.8
3216.5
1632.9
2668.9
3109.0

2879.6
3088.7
3026.4
3208.8
3031.9
3220.6
3237.7
3032.8
2682.8
2950.2
3317.3

3063
3400.8
3354.5
3529.6
3388.5
3505.1
3521.5
3655.4
3425.9
default
3621.8

the proposed SPH model is sufficiently accurate and reliable to study the detonation of non-ideal high-explosive
ANFO.
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