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Generally, plastic deformation is 
mainly caused by mobility of disloca-
tions[8,9] in crystalline solids, or nuclea-
tion of stress-relaxation events[6,10] in 
glassy solids. In a typical stress–strain 
response of a glassy material, stress 
initially increases, drops after yielding, 
and increases again due to strain hard-
ening.[7] The discontinuities usually sug-
gest plastic relaxation events. Highly 
localized plastic shear zones have been 
widely reported.[11–13] Such a plastic 
shear zone (PSZ) consists of dozens of 
atoms undergoing significant deforma-
tion. PSZs of polymeric glasses are dif-
fuse, where many polymer segments 
have cooperative motions.[10,14] Discrete 
plastic relaxation events are also com-
monly observed in other glassy materials 
under plastic deformation.[10,15] A finite-

deformation, Coulomb–Mohr type constitutive theory for the 
elastic–viscoplastic response of pressure-sensitive and plas-
tically-dilatant isotropic materials was developed by Anand 
and Su and applied to metallic glasses.[16] A multiscale mod-
eling approach was proposed by Valavala et al., to predict the 
mechanics properties of glassy polymers such as polyimide 
and polycarbonate.[17]

The plastic relaxation events are usually visible in nanoscale 
samples. When the size reaches macroscopic scale, such spon-
taneous localized plastic relaxation events will be averaged 
out and the stress-strain response is smooth. On the con-
trary, the dilatancy of glass materials are present regardless 
of system sizes in both simulations and experiments. Argon 
et  al., found that plastic relaxation was induced by repeatable 
nucleation of shear transformations that leads to dilatancy in 
polypropylene[18] while the opposite behavior was observed in 
polycarbonate.[19] Although there have been extensive studies 
on mechanical behaviors of glassy polymers under plastic 
deformation via molecular dynamics simulations,[20–25] and a 
few reviews,[7,26,27] the quantitative relationships between defor-
mation dilatancy and plastic relaxation events are yet to be 
fully understood.

Even though a large number of molecular simulation studies 
on plastic deformation in glassy systems have been reported, 
they were mostly carried out under isochoric conditions, that 
is, with conserved volume. By contrast, a constant-pressure 
plastic deformation is widely used in practice.[20,25,28] Although 
considerable dilatancy are observed, a predictive model is 
still elusive. Therefore, the present work aims to quantify the 
deformation dilatancy of alkane glass and its correlations with 
system size, chain length, and plastic relaxation events using 
this algorithm.

Amorphous solids in general exhibit a volume change during plastic defor-
mation due to microstructure change during plastic relaxation. Here the 
deformation dilatancy of alkane polymer glasses upon shearing is investi-
gated using molecular static simulations at zero temperature and pressure. 
The dilatancy of linear alkane chains has been quantified as a function of 
strain and chain length. It is found that the system densities decrease linearly 
with respect to strain after yield point. In addition, dilatability decreases 
considerably with increasing chain length, suggesting enhanced coopera-
tion of different deformation mechanisms. An analytic model is introduced 
for dilatability based on the atomistic study. The entanglement chain length 
is predicted as 43 for alkane polymers from the model, agreeing well with 
experiments. The study provides insights of correlations of the physical prop-
erties and chain length of polymers which might be useful in material design 
and applications of structural polymers.

1. Introduction

Dilatancy has been widely observed and studied in granular 
materials in which noticeable volume change is induced by 
shear deformation.[1–4] Similar behaviors are also present in 
polymeric materials and certain metallic alloys in the sense that 
1) plastic flow is non-volume conserving and 2) yield stress is 
dependent on hydrostatic pressure. Extensive study of dilatancy 
in different materials facilitates better establishment of plas-
ticity theory and its practical applications in real world. Among 
these materials, the plastic deformation of alkane glasses draws 
our special interests because it is of great importance in solving 
problems related to fracture mechanics and plasticity.[5–7]
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2. Computational Method

2.1. United Atom Model

We used the united atom potentials for aliphatic hydrocar-
bons.[29] The parameters of this potential have been devel-
oped to represent the phase behavior of linear and branched 
alkanes in Gibbs-ensemble Monte Carlo simulations. For non-
bonded atoms, or atoms separated by more than 3 bonds, the 
force field is based on two different pseudoatom types, repre-
senting methyl (CH3) and methylene (CH2) groups that interact 
through a smoothly truncated Lennard–Jones potential. The 
potential also contains terms for bonded atoms, representing 
bond-stretching, bond-angle, and dihedral-angle interactions, 
which are detailed in ref.  [29]. Such a united atom model can 
reproduce the stress–strain behaviors of glassy polymer using 
All Atom model.[7]

2.2. Molecular Simulations

The method of molecular simulations is well established and 
it is an indispensable tool for various investigations in nowa-
days.[7,20,30–32] For the present study, we deal with seven distinct 
alkane glasses as listed in Table  1. The molecular structures 
were created using a method proposed by Müller et  al.[33] It 
essentially consists of a heuristic search algorithm in the space 
of torsion angle that automatically delivers correct conforma-
tional statistics of the chains and maintain rotational-isomeric-
state probabilities. The performance and efficiency of this 
method have been previously verified in studying polyethylene 
and polystyrene.[33] After the creation of the initial structure, 
each system was equilibrated with Monte Carlo simulations 
and annealed with molecular dynamic simulations.

The deformation dilatancy of molecular glasses[34] means that 
the density of the system decreases systematically with plastic 
deformation. Dilatability D is used to measure the capability of 
deformation dilatancy under strain. Here dilatability is defined 
as the derivative of the normalized number density with respect 
to strain The number density is defined as the number of par-
ticles in a unit volume. In the present study, we used a normal-
ized number density, n

n

n
ρ ε = ρ ε

ρ( ) ( )
(0) , where ρn(ε) is the number 

density of the system at strain ε, ρn(0) is the number density of 
undeformed system. Then the dilatability can be expressed as:

D n

zz

ρ
ε

=
∂
∂
  (1)

It is worth to mentioning that the dilatability is unitless. In 
the present work, deformation was imposed by compressing 
the simulation cell in the z-axis, while fixing the dimension 
in the y-direction. The strain in the x-direction was regulated 
to keep the system pressure near zero as detailed in Ref.  [28]. 
In the absence of dilatancy, this produces a pure shear strain 
tensor; dilatancy causes the expansion in the x direction to be 
slightly larger. Strain was imposed in a small increment of 
δεzz = −0.00125, followed by a minimization of system energy. 
This procedure essentially creates a simulation system of 
strain-induced dynamics at vanishing temperature.

3. Results and Analysis

3.1. Stress–Strain Behavior

The von Mises equivalent stress ( d dτ = tt tttr( · )3
2 , dtt  is the devi-

atoric part of the stress tensor) is the second invariant of the 
stress tensor, a positive measure of the amount of shear stress. 
The von Mises equivalent shear stress are shown in Figure  1 
as a function of strain for seven molecular systems of C5, C10, 
C20, C50, C100, C200, and C500. The polymers are randomly dis-
tributed in the simulation box. The system is isotropic. There-
fore, we only focus on the deformation along the z direction in 
this study.

Strain can be classified into elastic strain and plastic strain 
depending on the damage to the system. Elastic strain is 
the strain that is completely recoverable when the applied 
mechanical load is removed. Therefore, there is no damage 
to the system. On the contrary, a plastic strain cause perma-
nent damage to the system so that the system cannot recover 

Table 1. Materials simulated in the present work with their name, 
number of molecules (Nm), total number of atoms (N), the cubic simu-
lation’s box size (a), number density nρ , and density ρ.

Name Nm N a 
[Å;]

ρn 
[1Å;−3]

ρ 
[g cm−3]

300
expρ  

[g cm−3]

C5 1000 5000 52.909 0.033 758 0.808 0.621

C10 1000 10 000 64.502 0.037 263 0.879 0.73

C20 600 12 000 67.259 0.039 439 0.924 0.91–0.94[39]

C50 300 15 000 71.580 0.040 899 0.954 0.93–0.97[39]

C100 200 20 000 78.559 0.041 252 0.961 0.93–0.97[39]

C200 150 30 000 89.748 0.041 500 0.966 0.93–0.97[39]

C500 100 50 000 106.408 0.041 500 0.966 0.93–0.97[39]

Figure 1. The von Mises equivalent stress τ of the seven glassy materials 
as a function of strain. The lines from bottom to top stand for C5, C10, C20, 
C50, C100, C200, and C500 respectively. For convenience of view, the curves 
have been shifted to avoid overlapping.
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to the initial state even when the applied mechanical loading 
is removed. A general strain is a sum of the two parts: elastic 
strain εe and plastic strain εp, as εtot = εe + εp. The maximum 
elastic strain m

eε  is the upper elastic limit, as the corresponding 
strain at the first drop of stress-strain curve displayed in 
Figure 1.

At small strains, the von Mises stress behaves similarly. An 
elastic linear increase in the von Mises stress is followed by a 
plastic regime, where von Mises equivalent stress is more or 
less independent of strain, with slight fluctuation around the 
same plateau value. For all the cases, there exists a clear yield 
point around 8% strain after elastic regime.

It is worth noting that although we applied uniaxial strain, 
the stresses are not uniaxial. Since we concern here not the 
individual stress components but the invariant of the total 
stresses, we have used the von Mises equivalent stress to pre-
sent the stress state as illustrated in Figure  1. The detailed 
stress components and the state of each component are inter-
esting, but they are not the focus of this study. In addition, the 
deformation process is quasi-static. As a result, the kinetics of 
deformation is ignored.

3.2. Deformation Dilatancy

Dilatancy refers to the phenomenon that the volume swells, 
which also means a reduction in density. Deformation dilatancy 
is the dilatancy phenomenon induced by mechanical deforma-
tion, where the materials are lack of plastic incompressibility. 
The deformation dilatancy is a strain damage caused by plastic 
deformation. In this study, we used normalized number den-
sity for convenience of comparison of different molecular 
systems with different density. The normalized number den-
sities of the seven examined molecular systems are shown in 
Figure 2 over the course of mechanical loading. Obviously, all 
of them fall continuously with increasing deformations, and 
there is a linear dependence of density on strain up to 0.3 
after the yield point. While systems with longer chains exhibit 
smoother density curves, the individual relaxation events are 

clearly manifested in the ones with shorter chains. Our results 
agree with previously reported dilatancy of deformed glassy 
polymers.[7,20,35]

Take C5 as an example. The density decreases continuously 
between the individual relaxation events, followed by a sudden 
increase during the relaxation event. It therefore seems that the 
individual relaxation event leads to a substantial collapse of free 
volume, which counteracts the dilatancy the system experiences 
over loading right before the event.

Dilatancy is irreversible after removing the applied mechan-
ical load. The plastic deformation is the driven force for dila-
tancy. Only the plastic deformation contributes to the dilatancy.

Please note that the number density as well as normal-
ized number density are intensive properties. A same amount 
of changes in free volume will be a smaller jump in a larger 
system. As a result, each jump of normalized number density 
caused by a relaxation event is less salient in longer chain simu-
lations in which large number of atoms are used. For example, 
The relaxation event in C5 at −εZZ = 0.16675 will cause a sudden 
increase of number density from 0.0332 to 0.0334. The reduced 
volume during this relaxation event is δV = 901.8 Å3, about 0.61 
% of the total volume V0  = 148111.5 Å3. δV will be only 0.075 
% in C500 system, thus makes the curve smoother. The sys-
tems C5–C50 show significant difference with gradual decrease 
of density, while there is no essential difference between C50, 
C100, and C200, but C500 again shows decrease. The under-
lying physics is mainly the entanglement of the polymer chains 
when the chain length is longer than C50. This observation 
is consistent with our results of the predicted entanglement 
length of 43 mers, as discussed later.

The change of volume during shear relaxation events also 
suggests a way to estimate the plastic zone size induced by the 
shear relaxation. With the δV and ρn, we can estimate that the 
free volume taken by this shear relaxation event is about the 
size of 30 monomers (CH2 or CH3). Such estimation is also 
consistent with the entanglement length of 43 ± 10 mers in 
Section 3.3.

3.3. Deformation Dilatability

From Figure 2, one can draw the conclusion that the deforma-
tion dilatability depends on molecular structure under constant 
pressure deformations. Since the seven alkane glasses are linear 
chains, the molecular structures are primarily characterized by 
their chain length. The slopes of the normalized number den-
sities in Figure  2 can be calculated by linear fitting, and the 
relationship between the deformation dilatability and the chain 
length, therefore, can be obtained as shown in Figure 3.

Deformation dilatability defined in Equation (1) is a measure of 
the dilatancy under strains, to quantify the lack of plastic incom-
pressibility of materials. Because only the plastic strain causes the 
dilatancy, the strain in Equation (1) only refers to plastic strain εp. 
For a certain system, the elastic limit of the strain is a constant, 
denoted as e

oε  hereafter for convenience. The total strain is the 
sum of elastic part and plastic part, as e

o
pε ε ε= + . Therefore, the 

derivative of the total strain is the same as the derivative of plastic 
strain. As a consequence, the dilatability defined in Equation (1) 
can be obtained via the total strain, as

Figure 2. Normalized number density ρn of molecules of seven glassy 
materials with respect to the deformation at constant pressure.
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In other words, the dilatability obtained from plastic strain is 
equivalent that of from the total strain. Hence we will not dis-
tinguish the two in the following discussions. In addition, the 
strain in this study is up to 0.3, where plastic deformation is 
dominant, as shown in Figure 1.

Apparently, the deformation dilatability decreases with 
respect to chain length. The dilatability decreases faster in the 
short chain molecules (chain length up to 20) and slower in the 
long chain molecules (chain length larger than 50). For short 
chains, the dilatability decreases from −0.08 to −0.24 when the 
chain length increases from 5 to 20, which gives the slope of 
(− 1.07 ± 0.10) × 10−2. For long chains, the dilatability decreases 
from −0.08 to −0.24 when the chain length increases from 5 to 
20, which gives the slope of (− 2.51 ± 0.31) × 10−4.

The linear relationship between dilatability and chain 
length could be related by the number of the torsion angles 
of the molecules, since the relaxation events in these system 
are mostly related the realignment of the torsion angles. 
Such a relationship is based on the plastic deformation. We 
have introduced a model for dilatability as discussed in the 
following subsection.

3.4. Model of Dilatability

We have built up a simple model of dilatancy based on our 
observations of linear decrement of normalized number density 

nρ  upon deformation. we define the deformation dilatability as 
the slope of such linearity. The loading of the system will create 
the free volume Vload, which is added to the system to keep the 
constant pressure conditions, V

V
P P
K ZZP

δε=δ
ε
− 0 , where P is the pres-

sure and P0 = 0 is the target pressure, as in ref. [28]. As a result, 
we can assume Vload = Clε, where Cl is a coefficient for loading 

strain ε. The relaxation events will annihilate the free volume 
Vrelax, which is related to the number of shear relaxation events. 
The total volume change is the summation of these two factors 
as ΔVf = Vload − Vrelax. When Vload is dominant, the system turns 
dilatant to strain, while turns compacted when Vrelax is over-
whelming. Of course, in a perfect Newtonian fluid, these two 
factors are balanced, and the volume as well as nρ  are constants 
under constant temperature and pressure.

The linearity of decrement of nρ  in the linear polymers can 
be explained by the increment of the free volume of the system, 
and consequently the speed of annihilation during relaxation is 
less than the creation of free volume during the loading due 
to slow relaxation in glassy material. Therefore, the system 
volume will increase and thus dilate under deformation.

One can assume that the each plastic relaxation event will take 
up a free volume. This assumption is reasonable because the 
relaxation events in these system are mostly related to the realign-
ment of the torsion angles, which is caused by the shear stress. 
Thus the increment of the total volume is proportional to the 
number of relaxation events Nr as Vrelax = Nrv when the pressure is 
preserved, assuming v is the activation volume of a dihedral unit. 
Nr = Ntorpr, where pr is the probability of shear relaxation events 
of each dihedral unit under each strain step and Ntor is the total 
number of possible shear relaxations in the system. As a result, 
δVrelax  = prNtorvδε. The normalized number density is actually a 
measurement of decrement of volume as n

V
Vρ ε = ε( ) ( )

0
 , where V0 is 

the volume at strain ε = 0. The volume at strain ε can be approxi-
mated as V(ε) = (1 + dε)V0, where d  < 0.35 is a constant. The 
change of normalized number density in a deformation step δε is

V

V

P P

K

p N v

V
n

n P

δρ
ρ

δ
ε

δε= − = −
−

−





.0 r r



 (3)

For a linear chain, at least two carbon atoms on the back-bone 
chain will take part in a shear event. Therefore, the total number 
of possible relaxation events in the system can be simplified as 
Ntor = l(l − 1)Nm/2, where Nm is the number of molecules in the 
system. Let’s first suppose that the probability of plastic relaxa-
tion events pr within δε occurring on each monomer along the 
chain is identical. Note that the supposition is reasonable for 
non-entangled molecules. One can rewrite Equation (3) as:

P P

K

p l l N v

V
p v

l b

n

P

r m

r n

δ ρ
δε ε

ρ

= −
−

+
−

+

ln ( 1)

2
(0)

2
,

0�

�
 (4)

where b P P
K

p v

P

n= − −ε
ρ− (0)
2

0 r  is a constant and n
N
Vρ =(0)

0
 is the 

number density at strain free state. Considering that nρ 1� �  at 
small strain, we can rewrite the dilatability as

D

p v
l b

p v
l b

n

ZZ

n

n

δρ
δε

ρ

ρ

=
−

− −

= − + −

1
(0)

2
(0)

2
1

r

r

�

�  (5)

Figure 3. Dilatability as a function of chain length. The original molecular 
static simulation data (red square) was fitted into two line segments (blue 
dashed line). The ratio of the two slopes defines the entanglement length 
Ne from our model.
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The Equation (5) shows the dilatability linearly decrease with 
chain length, with the slope ks = −prvρn(0)/2 for short chains.

The linear polymer chain will get entangled when the chain 
length exceeds a certain value. The entanglement length Ne is 
used to characterize the crossover between the Rouse and rep-
tation regime.[36–38] Specifically, the reptation model describes 
that large motion of the chains perpendicular to the chain 
direction are quite rare, which indicates that the relaxation of 
dihedra-segments is confined. As a result, the probability of 
plastic relaxation events pr occurring on each dihedra-segment 
in entangled polymers is much smaller than the non-entangled 
alkane glasses. If we roughly take the entangled Ne monomers 
as a super atom and assume that only the dihedra-segments 
at the end of super atoms can relax, the pr will be averaged to 
pr/Ne and the Equation (4) turns to be:

D
p v

N
l be ρ

= − + −
(0)

2
1 ,r n

e

 (6)

The dilatability of seven alkane glasses are plotted in Figure 3. 
The slope ks

D
l= = − ± ×δ

δ
−( 1.07 0.10) 10 2  is for shorter chain 

length as of oligomers, and kl
D
l

e

= = − ± ×δ
δ

−( 2.51 0.31) 10 4  is for 
long chains. The entanglement length Ne is then derived as

N
k

k
s

l

= = ±43 10.e  (7)

Our result agrees well with previous molecular dynamic 
predictions (Ne = 35 for chain length N = 700, Ne = 32 for N = 
1000)[37] and neutron spin echo spectroscopy measurement.[36]

The datasets generated during and/or analyzed during the 
current study are available from the corresponding author on 
reasonable request.

4. Conclusions

Molecular static simulations on seven alkane glasses, C5, C10, 
C20, C50, C100, C200, C500, have been extensively studied with 
respect to dilatancy behavior at constant pressure. The system 
density decreases with increasing amount of deformation, thus 
verifies the deformation dilatancy in alkane glasses. In addition, 
it is independent of system size, and is proportional to the chain 
length. Based on our atomistic study, we introduce an analytic 
model of dilatability to quantify the capability of dilatancy. The 
dilatability is (−1.07 ± 0.10) × 10−2 and (−2.51 ± 0.31) × 10−4 per mer 
for short and long chains, respectively. The entanglement chain 
length is then derived as 43 ± 10 for alkane polymers, agreeing 
well with previous computational and experimental results. Our 
study provides insights of correlations of the physical properties 
and chain length of polymers. This investigation might be useful 
in material design and applications of structural polymers.
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