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We introduce a long-range interaction analytical embedded atom method (namely la-EAM) interatomic
potential, which has been developed by fitting the lattice constants, cohesive energy, mono-vacancy for-
mation energy and elastic constants of a-Zirconium. We validate this la-EAM potential by extensive
investigation of the bulk, surface, and defect properties of Zirconium using molecular dynamics simula-
tions compared with available experiments and theoretical results. We examine the lattice constants,
cohesive energy, elastic constants, phonon dispersion curves of a-, b-, and x-Zirconium and find a good
agreement with available experiments. We have studied the 0D (zero-dimension) defects including
vacancies and self-interstitial atoms, 1D defects (dislocations), 2D defects including surface and stacking
fault, and 3D bulk properties. Furthermore, our phase transformation energy barrier of a?x agrees with
the experimental observation. The success of our potential could attribute to the correctly accounting for
the long-range interactions of the Zr atoms. Our results suggest that the developed la-EAM potential of Zr
is useful in molecular dynamics simulations of bulk, surface and defect properties and phase transitions
of Zirconium at various temperatures and pressures.

� 2018 Elsevier B.V. All rights reserved.
1. Introduction might be a hint to the various martensitic transformations. Fur-
Zirconium is a fascinating d-orbital transition metal, which has
extensive technical applications in aerospace, medical and nuclear
fields due to its high strength, light weight, corrosion resistance,
and small neutron absorption sections [1]. At ambient conditions,
the crystalline structure of Zirconium is hexagonal close-packed
(hcp) structure, or a phase. When the temperature rises, at zero
pressure, Zirconium transforms from martensitic (a face-centered
cubic, fcc) structure into the body-centered cubic (bcc) structure,
or b phase, at 1136 K, and then eventually melts. When the pres-
sure is increased while temperature kept at room temperature, a
martensitic phase (fcc) transformation into the x phase is
observed [2,3]. The x phase is widely accepted as the strengthen-
ing phase in Zr and its alloys due to its higher hardness over a
phase [4].

The phase transformation of Zirconium may be explained by its
anomalism of the phonon dispersion curves. One of the aims of this
work is the anomalous phonon properties for Zirconium, which
thermore, it could provide some hint in understanding the anoma-
lous self-diffusion of Zirconium. In the hcp structure, the zone
center of the [0 0 1] LO branch substantially softens and exhibits
a dip at low temperature [5]. This may lead to the superconducting
transition. The phonon dispersion curves of bcc phase show that
there is a large low-energy dip in the high-symmetry longitudinal
phonon branch L [nnn] for n=2/3. This dip appears at high temper-
ature, and it is temperature-dependent. This soft mode is believed
to cause the a?x phase transformation. The entire T1 [nn0] pho-
non branch with [1 �1 0] polarization is of low energy and is over-
damped, which is related to the transformation of b ? a. There is
inconsistency of phonon-dispersion curves of bcc phase between
the theoretical predictions and experiments. At ambient pressure,
the theoretical predicted soft modes of T1 N-point phonon and an
unstable bcc structure [6], while, experiments confirmed the phase
transformation occurs at a finite frequency [7].

From experimental aspect, the orientation relationship of
phase transformation between the parent and the product phases
may be determined. However, such an approach may result in
multiple transformation pathways for a given set of orientation
relationships. As a consequence, one has to guess the possible
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transformation pathway by calculating the energy barrier of phase
transformation to unravel the mechanism of phase transition [8,9].

Molecular dynamics (MD) and Monte Carlo (MC) methods are
powerful techniques for atomistically investigating the phenom-
ena relevant to temperature and time dependence in large scales,
which in general are impractical for first-principles methods. The
force field potential describes the atomistic interactions between
atoms, which plays an essential role in MD and MC simulations.
However, the accuracy of atomistic simulation ultimately depends
on the force field potentials, which is generally generated by fitting
with experiments or first-principles calculations. Plenty of empiri-
cal potentials have been developed in the past six decades (refer to
[10,11]).

Zirconium has been the subject of many theoretical studies.
There have been quite a lot of attempts to developmany-body inter-
atomic potentials for the hcp structures of various materials, espe-
cially for Zr. These potentials, most of them if not all, aim to
reproduce the experimental values of elastic constants and c/a ratio
of hcp structures. There are five independent elastic constants of hcp
structures. The c/a ratio of an ‘‘idea” hcp structure is 1.633. The lat-
tice constants and elastic constants are critical important in deter-
mine many other related physical properties including modulus,
strength, and hardness. It turns out that force field generated in this
way can be reliable in studying the bulk, surface and defects proper-
ties. Same strategies are employed in the development of the
embedded atommethod (EAM) [12], as well as the n-body potential
[13]. Following the schedule of EAM, Oh and Johnson [14,15] pro-
posed an analytical EAM (AEAM) by fitting the Voigt bulk and shear
moduli, with ideal c/a ratio forMg, Zr and Ti [14] and amore realistic
c/a ratio for Zr [15]. Igarashi et al. [16] presented EAM type poten-
tials for a number of hcp metals by attempting to exactly match
those properties. Hu et al. proposed an analytic modified EAM for
hcp metals by including a modified term [17]. Baskes and Johnson
[18,19], Kim et al. [20] presented so called modified EAM (MEAM).
As for hcp structure metals, other potentials [21–23] have been
developed by different means. These developed potentials have
been applied to study the bulk, surface, defect and thermodynamic
properties. Despite extensive efforts, an accurate force field for Zr is
still lacking to describe defective structures and phase transitions.
For example, the investigations of stacking fault energy in a Zirco-
nium indicate that the long-range interaction potential is needed
for exactly description of anomalous behavior of Zirconium, which,
however, are missing for currently available force fields of Zr.

In this work, we develop a long-range interaction analytical
EAM potential, namely la-EAM, for Zirconium by fitting the physi-
cal properties of a-Zr from experiments. The presented potential is
employed to study the bulk (3D) properties, point defects (0D)
properties, line defects (1D) properties, stacking fault (2D) proper-
ties, of a-Zr. In addition, we have calculated the phase transforma-
tion energy barriers. Our results are compared with literature to
validate our la-EAM potential. The uniqueness of this newly devel-
oped potential is the capability to accurately model the phase tran-
sitions and various defective structures of zirconium. The
organization of this work is as follows: Section 2, we introduce
the la-EAM potential and details of our models and simulations.
The results and discussion are presented in Section 3, followed
by the conclusions in Section 4.
2. The formula of long-range analytical EAM potential

Within the framework of Embeded Atom Model (EAM), the
energy of an atom in a system can be expressed as [12]

Ei ¼ FiðqiÞ þ
1
2

X
jð–iÞ

/ðrijÞ ð1Þ
where Fi(qi) is the embedding energy required to place an atom at
site i with electron density qi. /(rij) is the pair-potential between
atoms i and j, and rij is the separation distance related to the spec-
ified pair of atoms i and j. qi denotes the host electron density at the
site of atom i which has the pair-wise contributions from each of all
other atoms. This host electron density is the sum of the electron
density f(rij) of the individual atom j with the linear superposition
approximation, as

q ¼
X
j–i

f ðrijÞ ð2Þ

Following the la-EAM scheme [24], we have fixed analytical
from of F(q), /(r) and f(r) as following.
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Having specified the functions of F(q), /(r) and f(r), the param-
eters were determined by fitting to experimental data. The exper-
imental thermodynamic data including the equilibrium lattice
constants a and c, elastic constants C11–C12, C44 and bulk modulus
B, cohesive energy Ec, the mono-vacancy formation energy Ef were
used in the present model. The parameters of pair potential are
obtained by fitting the vacancy formation energy, equilibration
condition, elastic constants C11–C12 and C44.

With the developed la-EAM potential, we do further investiga-
tions using molecular static and molecular dynamics simulations
using the program GULP [25]. In the calculations, the lattice
parameters, elastic properties are obtained in three-dimensional
(3D) periodic crystal cells. The surface energies are calculated with
15 layers with more than 10 Å vacuum layer. The formation ener-
gies were calculated using supercells 15a � 15a � 10c (a), 15a �
15a � 15a (b) and 15a � 15a � 20c (x). The melting temperature
was obtained by NPT with supercell of 30a � 30a � 20c and the
atomic displacement of edge dislocation by NVT with supercell of
100a � 3b � 100c (b =

p
3a). The time step is 1.0 fs. The cutoff for

force is 5.984 Å.

3. Results and discussion

3.1. Parameters of la-EAM potential

The la-EAM potential by fitting the formula to the experimental
data. The atomic density distribution function, b is taken from
Reference [26] and fe is determined from atomic volume X, bulk
modulus B and cohesive energy Ec as (9XB/Ec)0.6 [24]. And then
the parameters q1 and q2 are determined from qe using Eq. (2)
including the 5th neighbors. The embedding function was divided
into three segments, and the second segment was fitted to



Table 1
The EAM parameter for Zr (units: Fe (eV), qi (Å�3), ri, rb and rc (Å), ki and Ki (eV), others
(dimensionless)).

Paras. Paras.

fe 0.3739748 d 5.982360
b 1.8503693 r1 3.192996
q1 4.295063 k0 �0.120938606560230
q2 5.053016 k1 0.626805682710710
F10 �4.50315 k2 �1.12410270390263
F11 �0.18568 k3 2.0171469277E+2
F12 0.281366 k4 �3.117817861E+3
F13 0.177704 k5 1.988367047E+4
F14 0.0370108 k6 �6.406638793E+4
F20 �4.55000 k7 1.0310670762E+5
F21 0.000000 k8 �6.577700302E+4
F22 0.0357929 r2 4.30136474
F23 �0.0127642 k0 4.58147193739E�3
F24 0.0628233 k1 �8.67979431765E�3
F30 �4.550000 k2 2.12733895551E�2
F31 0.000000 k3 �0.541670518761980
F32 0.0357929 k4 1.95724788283577
F33 0.000159553 k5 �1.94843015108457
Ue 0.2497642 rb 5.597988
a 8.247177 rc 5.984048
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experimental values. Namely, the parameters F20 are determined
by difference between the cohesive energy and monovacancy for-
mation energy (Ec � Ef), parameters F21 and F23 are equal zero,
F22 = (9XB � 15XG)(qe/q0)2 and F24 = 30XG/(Ec � Ef) (where G is
shear modulus). The other parts of embedding function are con-
nected smoothly with the second part, and the first part was con-
ditioned with the value is zero when the q is equal to zero.

As for the pair potential, it was also divided into three segments.
The first and second parts of pair potential including 15 parame-
ters. They are optimized to minimizing the deviations of the pre-
dicted values from experiments. The third part of pair-potential
was connected with the second part and reached to zero smoothly
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Fig. 1. The la-EAM functions for Zr: (a) the atomic electronic density distribution,
at the cut off distance. The obtained parameters are listed in
Table 1. The atomic electronic density distribution function, pair-
potential and embedding function of the present la-EAM for Zr
are depicted in Fig. 1.
3.2. Static properties of a-, b-, x- and fcc-Zr

The calculated lattice constants and elastic constants for a-Zr
are displayed in Table 2. The present la-EAM potential reproduced
exactly the lattice constants. There are a lot of theoretical studies
from empirical potentials [14,15,18,20–23,27–29], first-principles
[30–35] and experimental data [18,36–41] for a-Zr. The calculated
lattice constant for a ranges from 3.187 to 3.237 Å, and for c from
5.045 to 5.247 Å. The present potential reproduces the lattice
constants exactly. The elastic constants and their combinations of
C11–C12 and bulk modulus, Bwere useful in determining the poten-
tial parameters. As a result, one can expect that the calculated C11,
C12, C44 and B are in good agreement with the experiments [38–40].
The elastic constant C44, in particle, is exactly reproduced. Our c/a
ratio, C13, C33 and shear modulus G are also coincident with the
experimental values [38,39]. The success of our potential could
attribute to the correctly accounting for the long-range interac-
tions of the Zr atoms. The comparison with the calculated elastic
constants from first-principles and empirical potentials are
summarized in Table 2. The other theoretical elastic constants
are scattering from the experiments. The calculated static proper-
ties of a-Zr indicate that the present la-EAM potential reasonably
reproduces the elastic constants of a-Zr.

In order to gain insights into the effect of pressure, the lattice
constants and volume of crystalline cell under different pressure
were calculated and depicted in Fig. 2. One can see that the present
calculated change of lattice constants and cell volume with pres-
sure is in good agreement with those of experiments at tempera-
ture of 298 K [36,37]. The calculated melting temperature of a-Zr
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(b) pair potential, (c) embedding function and (d) crystal structures of x-Zr.



Table 2
The calculated lattice constants (in Å), cohesive energy and mono-vacancy formation energy (in eV), elastic constants and elastic moduli (in GPa) of a-Zr.

Methods a c Ec Ef C11 C12 C13 C33 C44 B G Ref.

Empirical potential 3.232 5.182 6.25 1.70 155.2 75.0 62.6 164.8 36.3 97.3 40.5 Present
– – – 1.36 158.9 70.3 61.0 173.0 34.4 – – 14
– – 6.25 1.86 147.9 66.3 66.2 182.7 39.2 – – 15
– – 6.25 1.63 164.4 72.2 60.2 161.8 33.6 – – 15
3.237 5.153 6.3705 1.93 152 74 63.2 153.3 33.2 95.2 – 18
3.231 5.125 6.364 2.09 151.5 71.8 66.1 160.6 34.1 96.8 – 20
3.232 5.148 6.25 1.74 143 72.8 65.3 164.7 32.0 – – 21
3.232 5.148 6.249 1.976 156.8 67.4 62.9 170.3 39.5 85.4 – 22
3.23 5.15 6.25 1.75 121.4 59.5 78.4 219.3 49.9 99.4 – 23
3.220 5.215 6.469 2.310 165 65 63 180 48 – – 27
3.234 5.168 6.635 1.762 147 69 74 168 44 – – 27
3.2196 5.247 6.17 2.14 154 70 65 – 34 97 – 28
3.202 5.218 6.17 – 162 77 65 – 42.5 101 – 28
3.249 5.189 6.25 1.786 150 85 67 175 36 – – 29

First-principles 3.236 5.168 146.7 68.5 71.3 163.3 26.0 96.0 6
3.187 5.045 156 65 76 182 25 30
3.234 5.152 133 80 73 148 7 30
3.224 5.239 142 71 71 147 8 30
3.232 5.182 139.4 71.3 66.3 162.7 25.5 31

145.3 67.3 69.5 166.1 24.3 95.3 32
153.0 56.8 64.8 165.7 26.1 33

3.15 5.087 135 180 21 105 34
3.23 5.168 146 156 28 94 34
3.238 5.178 142.2 70.3 69.6 159.8 26.5 95.8 32.9 35

Exp. 1.70* 18
3.232* 5.182* 36
3.231 5.148 6.25* 37

155.4* 67.23* 64.6 172.0 36.3* 97.34 42.5 38
143.4 72.8 65.3 164.8 32.0 39

92 40

* The values are used for fitting to determine the potential parameters.
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Fig. 2. The lattice constants and unit-cell volume of a-Zr as a function of pressure.
The experimental data taken from Ref. [40] (the lines for guide the eye).

Table 3
The calculated lattice constants (in Å), cohesive energy and mono-vacancy formation ener

Methods a Ec Ef C11

Empirical potential 3.639 6.208 1.138 129.7
3.580 118.2
3.615 6.188 106.2
3.562 6.417 96
3.576 6.532 50
3.595 6.21 101.1

First-principles 3.574 86.6
3.469
3.580 84.2
3.577 81.8
3.580 108.7

Exp. 3.574 104
3.627

6.29
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is 1859 K, which is some lower than that (1913 K) of Mandelev
et al. [27], and that (1957 K) of Kim et al. [20] and experimental
melting temperature (2128 K) [41]. This melting temperature is
fictitious because a-Zr transforms to b-Zr before melting.

It is interesting to compare static properties of the b phase cal-
culated by the present potential with experimental values at tem-
peratures larger than the a-b experimental transformation
temperatures. The results are summarized Table 3. As expected,
the enthalpy difference between the b and a phase, Hb � Ha =
0.042 eV, is positive and remarkably close the experimental value
at Ttr (Hb � Ha = 0.04 eV) [38]. The calculated lattice constant of
b-Zr agrees with the experimental value [40]. We find reasonable
agreement for elastic constants C11 and C12, but an unsatisfactory
for C44. It is instructive to compare the shear moduli C’, which is
relative to the instability of the b phase and the mechanism of
the phase transformation. The C’ is predicted to be 6.1 GPa from
gy (in eV), elastic constants and elastic moduli (in GPa) of b-Zr.

C12 C44 B G Ref.

117.4 64.5 121.5 27.3 Present
92.6 68.8 101.1 20
101.1 73.1 102.8 23
109 42 27
94 50 27
99.7 65.6 100.2 28
92.3 26.6 90.2 6

30
91.4 32.3 31
94.3 30.2 89.7 32
85.4 10.6 42
93 38 97 7

66 40
43
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our la-EAM, in a good agreement with the experimental value of
5.5 GPa [40]. The first-principles [6,30–32] predict C11 < C12 (in
Table 3), indicating a mechanically unstable b phase, opposite to
the empirical potentials calculations [20,23,27,28]. Some theoreti-
cal [42] and experimental [7] studies indicate the stability of b
phase. The calculated cohesive energy is coincident with that of
experiment [43]. The difference of the calculated bulk moduli
and experimental values is evident. This discrepancy could attri-
bute to the different temperature used in our model. The depen-
dence of crystal cell volume on the pressure was predicted and
given in Fig. 3, with reasonable agreement with the experiment
[40] and a previous theoretical prediction [6]. Under low pressure,
our prediction is more accurate than the compared theoretical
method [6].

It is experimentally confirmed that the face-centered cubic (fcc)
structure of Zr is a metaphase [42]. The properties of fcc phase are
also calculated and displayed in Table 4 along with available
results of first-principles calculations [32,42] and experiment
[44]. The predicted lattice constants are in line with the results
Table 4
The calculated lattice constants (in Å), cohesive energy and mono-vacancy formation ener

Methods a Ec C11

Empirical potential 4.556 6.235 114.6
4.545 6.439
4.538 5.581
4.537 6.213 102.9

First-principles 4.530 116.5
4.405 110.9
4.529

Exp. 4.63

Table 5
The calculated lattice constants (in Å), cohesive energy and mono-vacancy formation ener

Methods a c Ec Ef C11

Empirical potential 5.164 3.108 6.220 1.962a 185.6
1.166b

First-principles 5.056 3.150 165.2
167.0
161.7

5.054 3.154 166.7
160.9

Exp. 5.039 3.150

a The vacancy on the site of A plane (trigonal plane).
b The vacancy on the site of A plane (hexagonal plane).
c The value are derived from the elastic constants data reported in the corresponding
from first-principles [32,42], but slightly small than that of exper-
iment [44]. The elastic constants are in good agreement with those
of first-principles [32,42].

The high-pressure phase of Zr is so called x phase. The calcu-
lated properties for x phase are shown in Table 5. The calculated
lattice constants and elastic properties are reasonable accordant
with those of first-principles [6,33,45,46] and experiment
[36,40,47]. Our calculated elastic constants imply that the x Zr is
mechanically stable under pressures, because they are compliant
to the mechanical stability criteria of hexagonal crystals as follows.

C44 > 0;C11 > jC12j; ðC11 þ C12ÞC33 � 2C2
13 > 0 ð6Þ

The variation of crystal cell volume and lattice constants with
pressure forx phase was depicted in Fig. 4. There is evident differ-
ence of lattice constant a between the calculation and experiment.
The lattice constant c agrees well with that of experiment as the
pressure increases.
3.3. Phonon dispersion

The phonon dispersion curves for a-Zr are calculated with the
developed la-EAM potentials. The phonon dispersion spectrum
was obtained by calculating the force constant matrix from the
present la-EAM potentials by using program GULP [26]. Our calcu-
lated phonon dispersion spectra are shown in Fig. 5 with compar-
ison to the experimental measurement [5]. As expected, we have
excellent agreement for the small wave-vector acoustic phonons,
because they are closely related to the elastic constants, which
are included in the fitting procedure. The major discrepancy is
observed for the branches issued from the high-symmetric C point
phonon, i.e., the [0 0 1] LO, and [1 0 0] TO\, and [1 1 0] TO\, as
shown in Fig. 5. The anomalous experimental behavior of these
branches is attributed to the detailed topology of the band struc-
ture near the Fermi energy [48]. The same discrepancy has been
observed by Igarashi [16] with F-S potential and by Willaime
[28] using EAM model, and that calculated by tight binding [30].
gy (in eV), elastic constants and elastic moduli (in GPa) of fcc-Zr.

C12 C44 B G Ref.

76.5 48.9 89.2 33.5 Present
27
27

67.0 38.6 79.0 32
81.5 45.6 92.9 32
61.2 46.1 42

42
44

gy (in eV), elastic constants and elastic moduli (in GPa) of x-Zr.

C12 C13 C33 C44 B G Ref.

98.7 54.0 152.7 14.7 102.3 30.4 Present
Present

75.6 47.5 198.7 30.6 101.1 42.8c 6
69.8 47.7 195.7 33.7 33
72.6 53.5 195.6 33.7 45
74.0 48.7 198.1 34.0 97.1 45.0 35
73.7 53.6 195.1 33.8 97.4 44.7 46

36
90 40
104.0 45.1 47

references.
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The present dispersion spectrum is in good agreement with that of
Willaime et al. [28].

We further calculated the phonon dispersion spectrum of b-Zr
as demonstrated in Fig. 6, with a good agreement with experi-
ments [5,7]. Two anomalies of phonon dispersion are reproduced.
(1) The L [nnn] phonon branch has an extreme dip at n = 2/3. (2)
For large n, the transverse [nn0] phonon branch (T1) with [1 �1 0]
polarization is of unusual low energy. The former relates the
b-to-a transformation and the latter results in the b-to-x transfor-
mation. It is notable that the present calculated phonon dispersion
indicates that bcc structure is stable at 0 K, while the first-
principles [6,30] and other empirical potential [28] predicted
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Fig. 6. Phonon dispersion curves of b-Zr. The dots are the experimental data by
Stassis et al. [5].
imaginary frequencies at N point for T1 phonon, indicating that
the bcc lattice is unstable. Herming et al. [7] have studied the tem-
perature dependence of T1 N-point mode by neutron scattering
measurements. According to their results, the frequency apprecia-
bly decreases as the temperature approaches the b-to-a transition
temperature, but the transition occurs before it completely softens.

There are no experimental data available for the high-pressure
phase x-Zr. Our phonon dispersion from la-EAM along the high-
symmetry directions are displayed in Fig. 7. It is worth mentioning
that Hu et al. [49] calculated the phonon dispersion curves from
the first-principles and pointed that the x phonons are expected
to be stiffer along the c axis than in the basal plane due to the
low c/a ratio. However, the present calculations do not confirm this
characteristic.
3.4. Surface and stacking fault energy

The surface energy and stacking fault energy for a-Zr were also
calculated and the results are summarized in Tables 6 and 7,
respectively, along with experimental and other theoretical
reports. For experimental surface energy, there are only average
values for polycrystalline solids in literature. Some theoretical cal-
culations can be performed for specific planes including the basal
planes, prism planes, and pyramidal planes on demand. All of the
experimental surface energy is extrapolated from high tempera-
ture experimental data through some approximation on the tem-
perature dependence of surface energy [50]. As for the a-Zr, the
calculated surface energies for basal and prism planes are less than
those of experiment [50], first-principles and some potentials
[18,20,27,51–56], but larger than those of other empirical poten-
tials [17,27] and first-principles [32].

For surface energies r, it is proportional to the surface mass
density. Therefore, the planes with lower Miller indices planes
have higher surface energy. For bcc crystals, the surface energies
follows a general order r110 < r100 < r111. This order was verified
in bcc Zr from our model with la-EAM potential. Our results of
the surface energies for bcc Zr surfaces (1 1 0), (1 0 0) and (1 1 1)
are 1273, 1454 and 1504 mJ/m2, respectively. The present surface
energies are higher than those of Bozzolo et al. [57], in which the
relaxed surface energies are 522.4, 834.6 and 1254.4 mJ/m2 for
(1 0 0), (1 1 0) and (1 1 1) planes, respectively, at temperature 0
K. This discrepancy could be attribute to that the long range inter-
actions are appropriately counted in our model. Furthermore, we
are interested in the surface energies of x-Zr. The surface energy
of the planes (0 0 0 1), (1 0 �1 0), (1 1 �2 0) and (1 �1 0 1) are 1491,
1392, 1252 and 1699 mJ/m2, respectively. To the best of our
knowledge, there is not any report of the surface energy of x-Zr
in the literature. Therefore, we are the first time to report the sur-
face energies.



Table 6
The surface energies for low-index planes of a-Zr (in mJ/m2).

Methods (0 0 0 1) (1 0 �1 0) (1 1 �2 0) (1 0 �1 1) (1 �1 0 2) Refs.

Empirical potential 1523 1327 1453 1416 1459 Present
988 978 17
2302 2364 18
2156 2158 2380 2655 20
1097 1156 23
1270 1340 1340 27
1540 1540 1550 27

Exp. 2050 50
First-principles 1022 1086 1230 1255 32

1560 1640 51
1600 1660 52
1729 53
2044 54
2260 2111 55
1600 1670 1550 56

Table 7
The stacking fault energies for a-Zr (in mJ/m2).

Methods I1 I2 E Refs.

Empirical potential 25.4 50.1 81.5 Present
27 16

13 26 40 17
62 18
201 20
198.6 174.6 27

99 198 297 56
55 110 164 56

First-principles 41 80 118 32
124 200 249 51

227 52
147 213 274 56

200 145.8 58
168 228 300 59

Exp. 340 60
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The stacking faults for critically important in determine the dis-
location glides and loop-habit planes, which could be reflected by
the extensive studies in a-Zr [16–18,20,27,32,51,52,56,58–60]. On
the basal plane, there are two intrinsic (I1 and I2) and one extrinsic
stacking fault. The I1 intrinsic stacking fault is corresponding to
ABABCBCB sequence, and I2 has ABABCACA sequence. The extrinsic
stacking fault E has the configuration of ABABCABAB sequence.
Among the three stacking faults, I2 configuration is the most
important, because it is connecting with main process of plastic
deformation, where one full edge dislocation splits into two Shock-
Table 8
Formation and migration energy of the vacancy and self-diffusion activation energies (in

Methods Hf
1v Hin

1m

Empirical potentials 1.70 0.86
1.86 0.775
1.70 0.72
1.75 0.89
2.26 1.03
1.67 0.63
0.6 1.05
1.20 1.21
1.20 1.32

First-principles 2.07 0.54
2.17 0.51
2.14 0.55
1.95 0.67

Exps. 1.36 0.98
1.78–1.90 0.81–0.84
1.70 [18] 0.58 ± 0.04 [67], 0.65 ±

0.65 [68]
ley partial dislocations as such process requires much lower strain
energy of one full dislocation. The calculated stacking fault ener-
gies for the three possible stacking faults on the basal plane with
the available values are included in Table 7. Our results agree with
the literature, where the values are scattering. For example, the
present calculated values are smaller than those of molecular
dynamics studies [18,20,27,56], first-principles calculations
[32,51,52,56,58,59] and experimental value [60], but larger than
other theoretical results [16,17]. The scattering data of the stacking
fault energy manifests the complexity of the defects and plasticity
in Zr.

3.5. Point defect properties

There are only two types of point defects in a single element
crystal, namely vacancy and self-interstitial atom (SIA). The point
defects are vital in study the degradation of materials properties
in irradiation, because the point defects generated during the cas-
cade of high energy particles will diffuse, aggregate and forming
clusters, dislocations, dislocation loops, voids, tetrahdrons, and
other many kinds of microstructures. The evolution of defect pop-
ulation could significant changes in microstructures and causes a
number of property changes, including mechanical, thermodynam-
ical, electrical, and chemical properties. We will limit our study in
the mono-vacancies, di-vacancies and SIA due to their prominent
importance.

The mono-vacancy formation and migration energies were cal-
culated and summarized in Table 8, along with the experimental
eV) in the basal plane and out of the plane of a-Zr.

Hout
1m Qin

1v Qout
1v Refs.

0.96 2.52 2.62 Present
0.785 2.635 2.645 15
0.67 2.42 2.37 17
0.92 2.64 2.67 23
1.12 3.29 3.38 27
0.72 2.30 2.39 27
1.09 1.65 1.69 61
1.23 2.41 2.43 61
1.34 2.52 2.54 61
0.65 2.61 2.72 56
0.67 2.68 2.84 62
0.66 2.69 2.80 62
0.71 2.62 2.66 63
1.02 2.35 2.38 64
0.89–0.90 65

0.05 [66], 1.975 [16], 3.6 [64], 1.20
[64], 3.31 [69], 3.17 [70]
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data and the other calculated values for comparison. Our la-EAM
reproduces the experimental mono-vacancy formation energy
quite well. This is surprising because we have not fit the parame-
ters with the vacancy formation energy. The atomic migration pro-
cess of a vacancy is determined by its diffusion in and out the basal
planes. The migration energy of a vacancy is the energy difference
between two configurations: one with an atom at the saddle point
and the other that at equilibrium site. The minimum energy path
describes the most energy favorable path that the mono-vacancy
moves from its crystal site to the nearest vacant site. The activation
energies of the mono-vacancy is a sum of formation enthalpy and
migration enthalpy. Depending on the position of the vacancy, it

can be defined for in basal plane diffusion: Qin
1v ¼ Hin

1m þ Hf
1v and

out-off basal plane diffusion Qout
1v ¼ Hout

1m þ Hf
1v . The agreement of

activation energy between the present calculations and those of
other calculations [15,17,23,27,56,61–64] and experiment
[16,18,64–70] is reasonably well.

Vacancy diffusion mechanism is one of the most important
approach for defects and microstructures evolution. Di-vacancies
are expected to contribute significantly to the diffusion process
because two nearby vacancies appears in the transition state of this
process. They are well known to contribute the dislocation nucle-
ation, defects clustering, and cavity formation. There are various
configurations for di-vancancies. The nearest neighbor configura-
tion means two vacancies are on two adjacent planes (denoted
AB). The second-nearest neighbor configuration refers that two
vacancies are in the same plane (AA). The binding energy of the

di-vacancy (Eb
2v ) is a function of the distance between the mono-

vacancies. The binding energy of di-vacancy is defined as the for-
mation energy difference between the two mono-vacancies and

one di-vacancies: Eb
2v ¼ 2Hf

1v � Hf
2v . A positive binding energy cor-

responds to an attractive potential between the mono-vacancies,
indicating that these two mono vacancies are energetically favor-
able to move towards each other and form a di-vancancy. Our
results from la-EAM are listed in Table 9. The present results agree
well with those calculated by Hu [17] and are less than those of
empirical potential [28] and first-principles [71]. Our results shows
that the more compact of two-vacancy (by comparing AA and AB),
the less positive the binding energy is. Interactions were seen to
Table 9
Formation and binding energies (in eV) of di-vacancy of a-Zr.

Methods AB

Hf
2v Eb2v

Empirical-potential 3.211 0.159
3.18 0.21

0.236
First-principles 3.69 0.18

Table 10
The migration and diffusion activation energies of di-vacancy for a-Zr (in eV/atom).

Em2v

AB-B

AB (out of plane) Present 0.56
Other works 0.54

0.53

0.52
AA (in plane) AA-B

Present 0.55
Other works 0.53

0.54
0.22
decrease rapidly, which implies that vacancy-vacancy should have
strong binding energy and be stable, because there is energy gain
in comparison to isolated mono-vacancies. We found that the di-
vacancy AA and AB are muchmore stable than other configurations
and so only the migration of these two needs be considered. We
have examined four different transition states as: AB-B, AA-B,
AB-A and AA-A, where the style XY-Z denotes that X and Y are
the initial states, and Z is the final state of Y. It is worth pointing
out that the second configuration corresponds to two different dif-
fusion processes, but symmetrical, because the initial configuration
and the final configuration are switched.

The migration energies were compared with others in Table 10.
The diffusion activation energies between the AA and AB configu-
rations is small and migration path dependent. The smallest migra-
tion energy for AB di-vacancy is almost same as for AA di-vacancy.
In the case of AB, after migration of atom along the AB-B path, the
di-vacancy retains the AB configuration, so continuous migration
can proceed. After migration of atom along the AB-A path, the di-
vacancy transfers to the AA configuration. In the case of AA, after
migration of an atom along the AA-B path, the configuration of
the AA di-vacancy transfers to the AB configuration. However, after
migration of an atom along the AA-A path, there is a stable inter-
mediate state, where Zr atom locates at a body-centered triangle,
which is formed by the three vacancies. The atom interacts with
top and bottom zirconium of neighbor plane and this configuration
corresponds to a high symmetric position. Two diffusion pathways
were considered during the procedure of the AA-A pathway. The
migration energy of the high symmetric position is 0.66 eV larger
than the other path. Our results are in agreement with previous
theoretical reports on the diffusion of the di-vacancy in a-Zr
[17,28,72].

The formation energy of SIA in a-Zr for eight configurations was
calculated: O, T, C, S, BO, BT, BC, and BS, where the notation is from
Johnson and Beerler [73]. As a concise introduction here, an O site
is centered in an octahedron, a T site in a tetrahedron, a C site
(crowdion) is midway between two out-off-planes nearest neigh-
bors and S site is a split (dumbbell) configuration normal to the
basal plane. The other four configurations denoted with B are those
in the basal plane. The BO is below an O site, as a projection of O to
the basal plane. The BC configuration is that the interstitial atom is
AA Refs.

Hf
2v Eb2v

3.207 0.163 Present
3.18 0.22 17

0.248 28
3.82 0.05 71

Ea2v Refs.

AB-A AB-B AB-A

0.59 3.871 3.904 Present
0.53 3.72 3.71 17
0.58 28

3.44 72
AA-A AA-B AA-A

0.66 3.862 3.971 Present
0.58 3.71 3.76 17
0.53 28
0.84 3.12 3.74 72



Table 11
Formation energies of various interstitial configurations for a-Zr (in eV).

Methods O S C T Bo Bs Bc Bt Refs.

Empirical potentials 3.04 3.74 3.226 – 3.30 3.10 3.08 3.4 Present
4.62 4.92 4.52 14
3.57 3.57 3.60 3.57 3.58 3.51 3.52 – 17
5.15 4.62 4.04 4.08 4.14 5.02 20
2.80 3.04 2.78 2.63 2.51 2.50 2.80 21
4.48 4.27 4.32 28
4.08 3.93 3.93 3.72 3.71 3.98 74
4.05 4.03 3.88 3.76 3.75 4.05 74

First-principles – 4.319 3.979 – 3.97 3.76 3.756 – 29
2.79 2.80 3.07 2.78 2.90 – 34
2.896 3.329 3.369 2.964 3.231 75
2.88 2.92 3.14 2.70 2.79 76
2.98 3.17 3.37 3.17 2.82 2.96 2.82 2.82 77
2.92 3.02 2.77 2.90 78
2.84 3.01 3.08 – 2.88 2.95 4.03 79
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Fig. 8. The distribution of Burgers vector for 1/3[1 1 �2 0](0 0 0 1) edge dislocation.
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in the midway between two nearest neighbors in the basal plane.
Therefore, thee atoms forms a crowdion in the dense a direction.
The BS is a split (dumbbell) configuration in the basal plane. The
BT configuration is that the interstital is just below a T site but
on the basal plane. Their configurations could be refereed to, for
example, Ref. [77] for details.

The formation energies of SIAs are listed in Table 11. For the
SIAs in the basal plane are in general stable. The SIAs in the non-
basal plane, C and O are stable. Our results are in agreement with
those of Ackland [29] and Hu [17], but smaller than those calcu-
lated with other empirical potentials [14,20,28,74]. The present
formation energies of SIAs are close but slightly larger than those
of ab initio calculations [34,75–79]. As point out by Ackland [29],
the non-idea c/a ratio is important in stabilizing the basal crow-
dion, since the basal ‘nearest neighbor’ are slightly farther apart
than those in adjacent planes. This also can be seen from Mikhin
[72].

Different potentials have yielded different SIA formation
energy. The dominant effects in determining formation energy
are the repulsion and the elastic constants, which describe how
the strain field around the interstitial. In order to validate the pre-
sent la-EAM potential further, the atomic simulation of atomic dis-
placement for 1/3[1 1 �2 0](0 0 0 1) edge dislocation has been
carried out. As the study of 1/3[1 1 �2 0](0 0 0 1) edge dislocation
by Khater [80], the distribution of the component [bx, by] of Burgers
vector in the glide plane was computed. The bi = d(Dui)/dx, where
D(ui) is the difference in the displacement component ui between
atom in atomic planes above and below the glide plane and i = x
or y respectively. The distribution of Burgers vector of
1/3[1 1 �2 0](0 0 0 1) edge dislocation is given in Fig. 8. It can be
seen that there are two peaks and the spacing of the partials is
about 10a0, which is close to that of AWB95 potential but larger
than that of MA07 potential [80]. This indicates that the present
potential can reasonably describe the dislocation in a-Zr.
3.6. Phase transformations between a, b and x phases

Martensitic (fcc) transformations are very common in nature.
Due to the process-structure-property relationship, the marten-
sitic (fcc) transformations are intentionally and widely used in
engineering processing and design materials. Particularly, the
a?x transformation is the pressure driven at room tempera-
ture. It has significant technological implications, because x
phase formation lowers toughness and ductility [4] in zirconium
ally. The mechanism of phase transformation, or transformation
pathway for Zr has been extensively studied from theories and
experiments [8,9].

The phase transition can be characterized by the orientation
relationships (ORs) between the parent phase and the product
phase. The ORs is important because it can be experimentally
determined, providing a routine to validate the theoretical predic-
tions. There are three possible ORs in a?x transformation pro-
ceeds of zirconium. Usikov and Zilbershtein firstly [81] proposed
composite pathway that the a?x transformation proceeds via
thermodynamically unstable b-phase under static pressure treat-
ment, namely the transformation pathway being a? b ?x. The
details for this transformation mechanism refereed to [8]. The
other two ORs for direct transformation are described as ORI and
ORII, respectively. For the pathway of ORI, (which is (0 0 01)ak
(1 �2 1 0)x and [�1 2 �1 0]ak[0 0 0 1]x), each atom shuffles by 0.84 Å
on the (0 0 0 1)a plane. The corresponding strains to produce the
x lattice was computed through a lattice relaxation of the super-
cells at constant volume. This configuration has hcp lattice vectors
but x lattice atomic positions The calculated strains of �3.85%
along [1 �2 1 0]a direction, �0.34% along [0 0 0 1]a direction and
6.52% along [�1 0 1 0]a are in reasonable agreement with experi-
mentally determined strains of �2.97%, �2.14% and 3.94% along
the respective directions [82]. These are also coincident with the
theoretical calculated strains of �2.22%, �2.09% and �4.46% along
the respective directions [8]. The orientation relationship of ORII
between a supercell and x supercell is: (0 0 0 1)ak(0 1 �1 1)x and
[1 1 �2 0]ak[1 0 �1 1]x. This direct transformation pathway involving
small atomic movement for 6 atoms in the supercell shuffles by
0.466 Å on the (0001)a plane and 4 atoms out of 6 additionally
shuffles by 0.509 Å out of the (0 0 0 1)a plane accompanied by
strains of ex = 0.9225, ey = 1.1234, ez = 0.9735 produces x supercell
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from a. The present calculated atomic displacements and strain are
in good agreement with those of tight-binding calculations [8].

The nudged elastic band is a standard method for studying of
phase transition. The NEB calculations were performed by using
the present la-EAM potentials employed in GULP program. The
algorithm of NEB method is that it initially generates a discrete
pathway with several snapshots of configurations, which directly
connecting initial and final states. These snapshots of configura-
tions are linearly interpolated according to the distance to the ini-
tial and final states. These snapshots of configurations in general
has the same value. By relaxing atomic positions and lattice shape,
the minimum energy path passes through the transition state. The
energy barrier than can be obtained by the energy difference
between the transition state and initial state. Our phase transition
pathways are shown in Fig. 9, with the change in energy along a?
x transformation path for the three pathways mentioned above.
One can see that ORI pathway has the lowest barrier height of
38 meV/atom compared to 45 meV/atom and 47 meV/atom for
the ORII and UZ pathway, respectively. The height of energy barrier
agrees well with that of tight binding calculations. However, the
pathway of lowest energy barrier is ORI, while Ghosh et al. [8] pre-
dicted the lowest energy barrier is ORII. The high-pressure mea-
surement for polycrystalline Zr using deformation-DIA methods
[9,83] indicates the ORI is obeyed for both forward and reverse
transformation.

It is worth noting that the two images around 0.5 in reaction
coordinate of ORI route are unequally spaced, although they were
initially set to be equal before the relaxation. There might be two
factors causing this unprecedented jump. The first one is the asym-
metry of phase transformation path ORI. The points chosen by NEB
result the energy changes unevenly. One can also see from the
Fig. 9, that the separation between two points are larger than
others. The second reason maybe the effect of cutoff of potential.
The cut off distance of the present potential is long and then more
atoms are included as the deformation of phase transformation
was performed. This may result in the apparent change of force
and energy as numerical noise. However, the main trend and the
reaction path is clearly captured.
4. Conclusions

In summary, we have developed a long-range interaction ana-
lytical EAM potential for Zr by fitting to experiments. The potential
reproduces the experimentally observed c/a ratio, elastic constants,
cohesive energy and monovacancy formation energy of a-Zr. The
developed potential was extensively used to study the bulk,
surface energy, lattice dynamic, defect properties and phase
transformation for stable and metastable phases (a, b, fcc and x
phase) of Zr.

The calculated lattice constants and its pressure-dependence of
a-Zr are in good agreement with those of experiments and first-
principles. The elastic constants indicate that b-Zr is dynamic
stable, agree with experiments but in contrast with the prediction
from the first-principles. The calculated phonon dispersion curves
for b-Zr is in good agreement with experiments.

For 0D defects, the calculated formation energy of mono-
vacancy, binding energy of di-vacancy, diffusive activation energy
of mono-vacancy and di-vacancy are in coincident with those of
first-principles and empirical calculations. The formation energies
of SIAs are also close to the first-principles calculations. For 1D
defect, the distribution of Burgers vector for 1/3[1 1 �2 0](0 0 0 1)
edge dislocation is similar as that of other EAM potential. For 2D
defects, the calculated surface energy and stacking fault energy
are slightly smaller than experimental data.

The possible mechanisms of a-x phase transformation for Zr
were studied by calculating the minimum potential energies along
the three highly possible paths. The calculated energy barrier of
phase-transformation is coincident with the observation of exper-
iment. Our results indicate that the present la-EAM potential could
be applied to study the thermodynamic properties and dynamic
procedure of Zr.
Data availability

This la-EAM potential and associated input examples are freely
available on request, in addition to the details in the following
webpage: http://qpeng.org/laeam/.
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