
PCCP  

ARTICLE 

This journal is © The Royal Society of Chemistry 20xx J. Name., 2013, 00, 1-3 | 1  

Please do not adjust margins 

Please do not adjust margins 

a. Guangxi Key Laboratory for Relativistic Astrophysics, Guangxi Colleges and 
Universities Key Laboratory of Novel Energy Materials and Related Technology, 
Guangxi Novel Battery Materials Research Center of Engineering Technology, 
College of Physical Science & Technology, Guangxi University, Nanning 530004, 
China. E-mail:ouyangyf@gxu.edu.cn 

b. Department of Nuclear Engineering and Radiological Science, University of 
Michigan, Ann Arbor, MI48109, USA. E-mail: qpeng.org@gmail.com 

c. State Key Laboratory of Powder Metallurgy, CentralSouthUniversity, Changsha, 
410083, China. 

† Electronic supplementary inforamtion (ESI) available. See 
DOI: 10.1039/x0xx00000x 

Received 00th January 20xx, 

Accepted 00th January 20xx 

DOI: 10.1039/x0xx00000x 

www.rsc.org/ 

A first-principles study of the structural, mechanical, and 
electronic properties of precipitates of Al2Cu in Al-Cu alloys  

Y. F. Ouyang,*a H. M. Chen,a X. M. Tao,a F. Gao,b Q. Peng*b and  Y. Duc 

The properties of precipitates are important to understand the strengthening mechanism via precipitation during heat 

treatment and aging process in Al-Cu based alloys, where the forming of precipitation is sensitive to temperature and 

pressure. Here we report a first-principles investigation of the effect of temperature and pressure on the structural 

stability, elastic constants, formation free energy for precipitates of Al2Cu, as well as their mechanical properties. Based on 

the formation enthalpy of Guinier-Preston (GP(I)), the size of GP(I) is predicted to be about 1.4 nm in diameter, which is in 

good agreement with experimental observation. The formation enthalpies of precipitates are all negative, suggesting that 

they are all thermodynamically stable. The present calculations reveal that entropy plays an important role in stabilizing 

the θ-Al2Cu compared with θ'C-Al2Cu. The formation free energies of θ"-Al3Cu,  θ'C-Al2Cu, θ'D-Al5Cu3 and θt'-Al11Cu7 increase 

with temperature, while those of θ'-Al2Cu, θ'O-Al2Cu and θ-Al2Cu decrease. The same trend is obtained with the effect of 

pressure. The calculated elastic constants for the considered precipitation phases indicate that they are all mechanical 

stable and anisotropy except θ'C-Al2Cu. The θ'D-Al5Cu3 has the highest Vicker’s hardness. The electronic structures are also 

calculated to insight the bonding characteristics. The present results can help to understand the forming of precipitates 

under different treatment process. 

Introduction 
Aluminum alloys are one of the most widely used alloys in 

industry and every-day’s life with the advantage of light and 

rust resistance. However, aluminum alloys suffer from the low 

strength compared to steels. There are extensive studies of 

the strengthening of aluminum alloys, including solid solution 

[1] and the precipitation hardening by heat treatment and 

aging process[2]. The yield strength of alloys can be enhanced 

by precipitation microstructures, which act as impedances of 

dislocation motion through materials. The precipitation-

hardening effect is established through the precipitation of 

meta-stable phases after the alloys have been subjected to 

solution treatment, quenching and an artificial aging 

treatment to obtain the optimum combination of mechanical 

properties [3]. Thus, a great amount of efforts has been 

performed to understand the crystal structures of precipitate 

phases and their stability of aluminum-based alloys [4, 5].  

In the Al-Cu based alloy, one of the two successive transitions 

is observed to occur as SSS→GP(I)→θ"→θ'→θ(Al2Cu) [6]. The 

monolayer GP(I) zone is suggested to appear in the first stage 

of the process at low temperatures and subsequent θ"-Al3Cu 

particles are then formed. The meta-stable θ'-phase and stable 

θ-Al2Cu particles are observed in the last stages of the 

precipitation process. As for the structure of a GP(I) zone, 

there are some experimental studies to identify the structures 

by X-ray diffuse intensity measurements, field ion microscopy, 

transmission electron microscopy, high-resolution electron 

microscopy and tomographic atom probe-field ion microscopy 

[7-10]. Most of the experimental observations indicate that 

the GP(I) zones are monolayer discs with different sizes and 

different Cu concentration ranging from 40 at. % up to 100 

at.% Cu. Takeda et al. [11] predicted theoretically the binding 

energy of (001) monolayer copper configuration clusters and 

Wang et al. [12] investigated the energetics of superlattice 

structures. 

Most of studies concentrate on the effect of composition and 

alloying elements on the forming of precipitates in Al-Cu based 

alloys. A few literatures can be found dealing with what 

conditions benefit to the formation of precipitates [13]. As 

experimental reports, θ phases are from GP(I) zones and this 

GP(I) zone is grown to meta-stable phases (θ" and θ') [14, 15]. 

The precipitates of the GP(I) zone θ” could be produced at 

relatively lower temperature from 25 to 50 ºC, and dissolved 

at 90-120 ºC [16]. The θ' and θ precipitates could be generated 

at 250-370 ºC and then melted at 430 ºC [17-19]. The effects 

of externally applied stress on formation of GP(I) and θ' 

precipitates [20], preferentially oriented θ"/θ'-precipitate 

structures are also studied for Al-Cu system[21]. 
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The microstructures of the meta-stable phases are dependent 

on Cu concentration, heat treatment and aging process. 

Several meta-stable phases, such as θ"-Al3Cu, θ'-Al2Cu, θ't-

Al11Cu7, θ'D-Al5Cu3, and θ-Al2Cu are formed with different 

lattice structures [4]. There are a few theoretical reports of 

thermodynamic and mechanical properties of these 

precipitation phases. Wolverton et al. [2] studied the relative 

stability of θ- and θ'C-Al2Cu phases and pointed out that the 

entropy is favorable to stabilize the θ-Al2Cu. The 

thermodynamic properties and mechanical properties of 

intermetallic compounds of Al-Cu systems have been also 

studied using first-principles [12, 22-27]. However, little effort 

focus on the effect of temperature and pressure on the meta-

stable precipitation phases associated with Al2Cu. 

In this paper, first-principles calculations are used to 

investigate solid solution of Cu in Al, the GP(I) zone and the 

precipitates associated with Al2Cu. The formation free energy 

of precipitation phases changing with temperature and 

pressure is also determined. These results will be helpful in 

fundamental understanding of the formation of precipitation 

phases in Al-Cu based alloys after different heat treatments 

and aging processes.  
 

 
Figure 1  GP(1) Zone Atomic arrangements of GP(I) zone 

formed in Al-Cu (001) plane (The lattice plane with GP(I) zone 
was demonstrated.). a) Cu concentration inside GP(I) zone 

area is 20.0 at.%, b) 38.5 at.% c) 55.5 at.% and d) 100.0 at.%. 
The green balls represent Cu atoms and the red balls for Al 

atoms. 
 

Method and model 
All calculations have been performed using the density 

function theory (DFT) as implemented in the Vienna ab initio 

Simulation Package (VASP) [28]. The projected augmented 

wave (PAW) potentials and the generalized gradient 

approximation (GGA) of Perdew-Burke-Ernzerhof (PBE) for 

exchange-correlation [29] are applied. The Broyden-Fletcher-

Goldfarb-Shanno (BFGS) is used to fully relax all atomic 

positions, cell shapes and cell volume to achieve the minimum 

total energy of the systems. The cutoff energy for plane wave 

expansion is 450 eV for all models. The k-mesh is carefully 

chosen to convergence and accuracy. The total energy and 

force convergences are 10-5 eV/atom and 0.01 eV/Å, 

respectively. 

The model of solid solution for Cu in Al is composed of 107 Al 

and one Cu atoms and k-mesh is Monkhorst-Pack k-points with 

6×6×6. The Cu clusters in Al Matrix are modelled by a 3×3×3 

FCC supercell and k-mesh is 6×6×6.  The GP(I) zone is modeled 

by a 6×6×2 FCC supercell with different copper atom 

configurations (as shown in Figure 1) with 4×4×8 k-mesh. The 

meta-stable and stable precipitation phases, θ"-Al3Cu, θ'-

Al2Cu, θ't-Al11Cu7, θ'D-Al5Cu3, and θ-Al2Cu (θ:tetragonal, θ'O: 

orthorhombic and θ'C:CaF2) are shown in Figure 2. The 

correspondent k-meshes are θ"-Al3Cu: 15×15×11, θ'-Al2Cu: 

15×15×13, θ't-Al11Cu7: 15×15×6, θ'D-Al5Cu3: 11×15×11, and θ-

Al2Cu (θ: 10×10×11, θ'O: 15×8×10 and θ'C: 21×21×21), 

respectively. 

The formation enthalpy of a compound AlmCun can be 

calculated by, 

CuAl E
nm

n
E

nm

m
EH

nmCuAl





                                     (1) 

where Etot, EAl and ECu are the total energy of the compound 

AmBn, Al and Cu in fcc structure bulk state, respectively. The 

binding energy is defined as  

 
sol
CuinAlH

n

nEmEE
E

CuAl
tot

CuAl

b
nm 


                                 (2) 

where 
tot

CuAl nm
E  and 

sol
CuinAlH  are the total energy of GP zone 

or the Cu clusters in Al matrix and the solution energy of one in 
Al matrix, n is the number of Cu atoms in GP zone. The free 
energy of precipitation phases is calculated based on quasi-
harmonic Debye model [30].  
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Figure 2  Geometry Crystal structures of (a) θ"-Al3Cu, (b) θ'-
Al2Cu,(c) θ'C-Al2Cu, (d) θ'O-Al2Cu, (e) θ-Al2Cu, (f) θ'D-Al5Cu3, (g) 
θ't-Al11Cu7 and (h) θ"t-Al13Cu5. The green balls are Cu atoms 
and the red balls represent Al atoms 
 
The free energy of precipitation phase was calculated based on 
quasi-harmonic Debye model [30]. The Gibbs function G*(V; P, 
T) of compound takes as 

      TVAPVVETPVG ;,; vib

* 
               (3) 

where E(V) is the total energy of the compound, PV is the 
contribution from the pressure, and Avib is the vibration 
Helmholtz free energy and it can be express as 
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Where kB is Boltzmann’s constant and D(Θ/T) the Debye 

integral, which is defined as  
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The Debye temperature can be expressed as [31] 
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Where h is Planck’s constant, M is the molecular mass per unit 

cell, n is number of atom in the unit cell, and function f(ν) is 

given by 
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where ν is Poisson’s ration of compound. The BS is the 

adiabatic bulk modulus and can be approximated by the static 

compressibility [30], namely 
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The second-order elastic constants can be obtained by means 

of linear fitting the stress-strain curves [23]. Following the 

generalized Hook’s law, a linear relationship exists between 

stress σ and strain ε. In order to obtain each independent 

elastic constant, an appropriate number of strain patterns are 

imposed on a crystal cell with a maximum strain value of 

0.0035 in the present calculations. 

 

Results and discussions 

Formation enthalpies and stabilities. The calculated solution 

enthalpy of Cu solution in Al matrix is -0.1154 eV/atom (-11.13 

kJ/mole), which is similar to that (-0.08 eV/atom) of Wolverton 

et al. [32]. The binding energy of Cu cluster in Al matrix is 

presented in Fig.3. One can see that the binding energy of Cu 

cluster with 2-D shape locating in (001) plane is the lowest for 

the corresponding cluster. This means that the configuration 

of Cu atoms in the GP(I) is with 2-D shape in (001) plane. 

According the model of GP(I) proposed by Takeda et al. [11] 

(as shown in Figure 1), the formation enthalpy as a function of 

Cu concentration is depicted as Figure 3.  
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Fig. 3 Binding energy the binding energy of Cu clusters in Al 

matrix with different configurations. 
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Figure 4  Concentration effect on formation enthalpy of GP(I) 
zone and binding energy as function of Cu concentration (a) 
and the formation enthalpy vs number of Cu atoms in the 
monolayer GP(I) (b). 
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The binding energy of GP(I) for different composition of Cu is 

shown in Figure 4(a). It is noted that the present calculated 

binding energies of GP(I) is less in magnitude than those 

obtained by Takeda et al. [11] by using the molecular orbital 

and cluster model. The second difference between the present 

calculations and those of Takeda et al. is that the relative 

stability of the different configurations, which by Takeda et al. 

is ordered as 38.5 at.% > 55.5 at.% > 100.0 at.% > 20.0 at.%, 

while the present order follows 100.0 at.% > 38.5 at.% > 55.5 

at.% > 20.0 at.%. Most of the experimental observations 

indicate that the GP(I) zones with different size and different 

Cu concentration varying between 40 at. % and 100 at.% Cu 

[10]. The present calculation agrees with experimental 

observations. In order to understand the formation process of 

GP(I) with the Cu concentration of 100.0 at.%, the 

configurations with different number of Cu atoms have been 

studied, as shown in Figure 4(b). It can be seen that the 

formation enthalpy of GP(I) decreases with increase the 

number of Cu atom at early stage. The formation enthalpy vs 

the number of Cu atom can be described with the formula, 

××. From this 

formula, the predicted maximum number of Cu atoms in the 

present study is about N ≈ 28 Cu atoms (which corresponds 

the monolayer of Cu with about 1.4 nm in diameter), which 

predicts that the disc size lies in the range of experimental 

observations (1.0-9.0nm) [10]. 
 

 
Figure 5  Separation function Formation enthalpy and binding 
energy of two Cu atoms in an Al matrix as a function of the 
separation distance. (NN indicates the nearest neighbor distance 
between two Cu atoms in a FCC lattice). 
 

In order to provide insight into the interaction of Cu atoms in 

Al matrix, the binding energy of two Cu atoms in an Al matrix is 

calculated and the results are given in Figure 5. It can be seen 

that the binding interaction of two Cu atoms locating as the 

nearest neighbor (NN) is the lowest, which indicates the 

strongest interaction. When the distance between two Cu 

atoms is larger than the third NN distance, the interaction is 

repulsive. This suggests that too large size of Cu cluster 

decreases its stability and two-dimension cluster is more 

stable than three dimension one. 

 
Table 1 Lattice parameters, formation enthalpy and cohesive energy for Al-Cu precipitation phases 

Phases Structure a(Å) b(Å) c(Å) EC(eV/at) ΔH (eV/at) Refs. 

θ"-Al3Cu P4/mmm 3.9651  7.6728 3.8351 -0.0900  

  4.04  7.68   [4] 

      -0.0529 [36] 

  3.970  7.649 3.628 -0.110 [27] 

θ'-Al2Cu I 4 m2 4.0893  5.7826 3.9159 -0.1719  

  4.04  5.80   [4] 

  4.089  5.786 3.706 -0.212 [27] 

θ-Al2Cu I4/mcm 6.0549  4.8816 3.8960 -0.1519  

  6.067  4.877   [4] 

  6.0566  4.82397   [26] 

  6.060  4.879 3.655  [33] 

  6.043  4.898 3.656  [33] 

  5.9875  4.8070 3.9934 -0.2033 [25] 

  6.067  4.877  -0.1689 [23] 

  6.064  4.885   [35] 

      -0.135~-0.245 [2] 

  6.08  4.88  -0.166 [2] 

  6.063  4.874 3.916 -0.227 [27] 

θ'C-Al2Cu Fm 3 m 
5.7833   3.9128 -0.1684  

  5.725  5.812   [2] 

  5.78    -0.209 [2] 

θ'O-Al2Cu Fmmm 4.8774 8.5767 8.5613 3.8939 -0.1498  

  4.96 8.59 8.48   [4] 

  4.82411 8.56477 8.56509   [26] 

θ"t-Al13Cu5 P4/mmm 4.1001  17.9387 3.8556 -0.1108  

θ'D-Al5Cu3 C2/m 8.7007 4.1210 7.1378 3.9232 -0.1796  

  8.58 4.04 7.07   [37] 

θ't-Al11Cu7 P 4 m2 4.0787  17.2776 3.8754 -0.1320  

 
 



PCCP  ARTICLE 

This journal is © The Royal Society of Chemistry 20xx PCCP, 2017, 00, 1-3 | 5 

Please do not adjust margins 

Please do not adjust margins 

Table 2 The elastic constants of precipitates in Al-Cu series alloys (in GPa) 

Phases C11 C12 C22 C13 C23 C33 C44 C55 C66 C16 C26 C36 C45 Refs. 

θ"-Al3Cu 155.1 75.5  65.4  179.5 45.1  48.1      

 138.5 66.7    110.9 32.2       [27] 

θ'-Al2Cu 173.6 48.6  66.8  158.3 62.6  45.7      

 194.8 50.3    163.7 43.6       [27] 

θ-Al2Cu 170.7 76.2  68.2  180.7 32.3  48.9      

 179.7 72.7  75.7  170.2 28.0  44.7     [39] 

 159.0 63.0  50.0  163.0 29.0  46.0     [40] 

 150.3 86.1  62.6  171.7 29.4  45.5     [23] 

 182.9 65.0  55.7  213.3 9.7  60.8     [26] 

 163.8 78.2  14.7  246.7 33.8  37.3     [25] 

 185.0 75.5    175.4 33.0       [27] 

θ'C-Al2Cu 157.3 64.3     60.5        

θ'O-Al2Cu 179.9 65.7 168.9 67.0 74.9 169.3 47.2 30.3 30.1      

 203.6 29.8 192.5 59.7 53.1 192.0 57.7 22.8 22.4     [26] 

θ"t-Al13Cu5 154.7 50.4  69.7  131.0 51.2  33.6      

θ'D-Al5Cu3 195.4 67.3 193.4 38.7 38.8 233.6 66.4 66.5 63.7 -2.8 0.3 0.4 -1.2  

θ't-Al11Cu7 162.5 55.5  68.7  148.6 43.9  40.0      

 

The calculated crystal structural properties and energies for 

precipitation phases are summarized in Table 1, compared 

with the available theoretical studies and experiments. Fig. 6 

presents the convex hull of formation enthalpy. It is worth 

noting that most of the theoretical studies focused on the 

meta-stable and stable phases of Al2Cu. For example, a great 

amount of efforts have been performed for Al2Cu with a 

tetragonal structure θ-Al2Cu [4, 25-27, 33-36], an 

orthorhombic structure θ'O-Al2Cu [26, 27], or with a CaF2 

structure θ'C-Al2Cu [2]. From the figure 6, the θ'-Al2Cu is the 

most stable at 0K. The formation enthalpy of the θ'C-Al2Cu is 

lower than that of θ-Al2Cu, but Wolverton et al. [2] pointed out 

that the entropy present the θ-Al2Cu to be stable. Also, there 

are a few of efforts to study the other meta-stable 

precipitation phases. The calculated formation enthalpy of θ'D-

Al5Cu3 is -0.1796 eV/atom, which is slightly lower than that of 

θ'-Al2Cu (-0.1719 eV/atom), in good agreement with that of 

Wenner et al. [37]. One also can see that θ't-Al11Cu7 has higher 

formation enthalpy than that of θ-Al2Cu, which means that the 

Cu segregation may decrease the stability of precipitates. 

 
Fig. 6 the formation enthalpy as function of concentration of 

Cu for Al2Cu precipitates with different structure. 

 

Mechanical properties. The elastic constants are important 

mechanical properties and thermodynamic properties of 

materials, which can be used to compute bulk modulus, shear 

modulus, Young’s modulus and Poisson’s ration etc. The elastic 

constants also play an important role in characterization of the 

strength for materials, in addition to providing valuable 

information for the bonding characteristic of atoms, especially 

for anisotropic character of bonding, and mechanical stability 

[38]. Therefore the elastic constants of precipitation phases 

will provide insights into the mechanical properties and 

stability of the considered precipitation strengthening 

materials. The calculated elastic constants for the precipitation 

phases are listed in Table 2, along with available theoretical 

[23, 25-27] and experimental [39, 40] studies in the literature. 

From Table 2, one can see that the present calculated elastic 

constants for θ-Al2Cu are in good agreement with 

experimental data [39, 40] and in coincidence with other 

theoretical results [23, 25-27] as well. For orthorhombic Al2Cu, 

the present calculations agree well with those of Chen et al. 

[26] except C12, for which the present value is about twice 

magnitude larger. For other precipitation phases, there are no 

elastic constants found in the literatures for comparison. 

For the precipitation phases of θ"-Al3Cu, θ'-Al2Cu, θ't-Al11Cu7, 

θ"t-Al13Cu5 and θ-Al2Cu with a tetragonal structure, θ'C-Al2Cu 

with a cubic structure, θ'O-Al2Cu with an orthorhombic 

structure and θ'D-Al5Cu3 with monoclinic structure, their 

mechanical stability criteria can be found in the literatures [23, 

41-43] (also in the Supplemental Information). From Table 2, it 

is of interest to see that the all the precipitation phases 

considered are satisfied the criteria for mechanical stability. 

Elastic properties of materials are usually utilized to predict 

empirically properties such as microscopic hardness. The 

ductility of materials can also be deduced from the 

polycrystalline bulk modulus and shear modulus, which can be 

obtained by Voigt-Reuss-Hill approximation [44]. Following the 

approach of Voigt-Reuss-Hill approximation (as shown in 

Supplemental Information), the calculated bulk modulus B, 

shear modulus G, Young’s modulus E and Poisson’s ratio ν of 

the precipitation phases are summarized in Table 3. The bulk 

modulus of θ-Al2Cu is larger than those of other precipitation 

phases, suggesting that θ-Al2Cu is less compressible than 
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others. Young’s modulus can be used to describe the stiffness 

of the materials. It can be seen that θ'D-Al5Cu3 is stiffer than 

the other phases. Poisson’s ratio ν indicates the degree of 

directionality of the bonds between atoms [45]. According the 

empirical criteria for brittleness and ductility of materials, the 

critical value of the ratio of bulk modulus to shear modulus 

(B/G), which separates ductile and brittle materials, is equal to 

1.75 [46]. A high B/G value indicates the more ductile the 

material is, while the brittle material has a lower value. The 

calculated B/G ratios indicate that θ'-Al2Cu and θ'D-Al5Cu3 are 

likely to be brittle while the others are more ductile. 

 
Table 3 Calculated bulk and shear modulus, Young’s modulus, Poisson’s ratio, Debye temperature and the ratio of B/G for the 
precipitation phases in Al-Cu alloys (subscript V, R and H represents Voigt, Reuss and Hill units: B, G and E in GPa, Θ in Kelvin) 

Phases 
B G 

B/G E ν Θ Refs. 
BV BR BH GV GR GH 

θ"-Al3Cu 100.3 100.1 100.2 64.0 46.0 55.0 1.82 139.5 0.27 460.2  

   90.6 40.1 33.6 36.9 2.45 97.4 0.32  [27] 

θ'-Al2Cu 96.6 96.6 96.6 73.5 54.4 64.0 1.51 157.2 0.23 407.8  

   98.4 55.0 41.2 48.1 2.02 122.4 0.29  [27] 

θ-Al2Cu 105.2 105.2 105.2 61.5 41.2 51.4 2.05 132.5 0.29 436.6  

 103.5 103.3 103.4 42.9 19.8 31.3 3.30 85.3 0.36  [26] 

   108.5 48.8 47.6 48.2 2.25 125.8 0.31  [27] 

θ'C-Al2Cu 95.3 95.3 95.3 54.9 54.0 54.4 1.75 137.2 0.26 472.8  

θ'O-Al2Cu 103.7 103.7 103.7 42.2 39.6 40.9 2.54 108.5 0.33 399.4  

 103.7 103.5 103.6 48.3 37.1 42.7 2.43 112.6 0.32  [26] 

θ"t-Al13Cu5 91.1 91.07 91.09 62.5 41.7 52.1 1.75 131.3 0.26 438.3  

θ'D-Al5Cu3 101.3 101.3 101.3 71.1 69.4 70.3 1.44 171.2 0.22 509.2  

θ't-Al11Cu7 95.5 95.5 95.5 62.6 43.8 53.2 1.80 134.5 0.27 442.0  

 

In general, the Poisson ratio is an important parameter to 

measure the degree of the covalent bonding and the value of ν 

is about 0.25 for ionic bonding, while as the small value of ν 

(0.1) implies covalent materials [47]. The calculated ν values of 

the considered precipitation phases are all larger than 0.22, 

which indicates that the bonding between atoms is ionic type 

or/and metallic type. In order to understand the anisotropic 

characteristic of these precipitation phases, the shear and 

elastic anisotropies are evaluated. The shear anisotropy can be 

represented by shear anisotropic factors. For (100) shear 

planes between the <011> and <010> directions, the (010) 

shear planes between the <101> and <001> directions, 

and(001) shear planes between the <110> and <010> 

directions the shear anisotropic factor A1, A2 and A3 is defined 

as [48] respectively,  

(9)                                  
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The values of A1, A2 and A3 should be 1 for isotropic materials. 

The elastic anisotropic factors are determined by following 

Eqs. (10a-10b) [49] and Eq.10(c) [50]. 
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The values of AB, AG and AU are zero for isotropic materials and 

the departures from zero imply the anisotropy tendency. The 

calculated anisotropic factors are not coincident each other for 

the considered precipitation phases, as shown in Table 4. θ"t-

Al13Cu5 has the largest anisotropic characteristic based on the 

shear anisotropic factor and elastic anisotropy except the AB, 

which shows less anisotropy, followed by θ-Al2Cu. However, 

the results indicate that the anisotropic factor AB may not be 

used to describe the anisotropic for the present considered 

precipitation phases. 

The hardness of materials can be evaluated from elastic 

properties. Jiang et al. [51], Teter [52] and Chen [53] proposed 

empirical relationships between the Vicker’s hardness and 

elastic modulus, as expressed by 
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Following these formula, the Vicker’s hardness is determined 

and the results are also provided in Table 4. The calculated 

Vicker’s hardness from the only shear modulus is lower than 

that obtained by Young’s modulus, but the trend of both 

relationships is same. The Vicker’s hardness obtained from 

shear and bulk modulus is similar to that from only shear 

modulus, but has a wider range. The predicted hardness of θ'D-

Al5Cu3 is larger than that of θ'-Al2Cu. The θ'D-Al5Cu3 is obtained 

experimentally by diffusion and segregation of Cu atom from 

θ'-Al2Cu [37]. That reveals the diffusion and segregation of Cu 

in θ'-Al2Cu results in hardening of precipitation phase. 

 
Table 4 Calculated shear anisotropic factors (A1, A2 and A3), elastic anisotropy (AB, AG in % and AU) and Vickers hardness (HG 

and HE in GPa) 

Phases A1 A2 A3 AB AG AU HG HE HV Refs. 

θ"-Al3Cu 0.885 0.885 1.209 0.070 16.317 1.951 6.83 8.48 7.34  
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      0.97    [27] 

θ'-Al2Cu 1.263 1.263 0.732 0.000 14.971 1.761 8.42 9.56 11.08  

      1.65    [27] 

θ-Al2Cu 0.601 0.601 1.304 0.000 19.786 2.467 6.19 8.06 5.67  

      0.14    [27] 

θ'C-Al2Cu 1.302 1.302 1.302 0.000 0.826 0.083 6.72 8.34 7.75  

θ'O-Al2Cu 0.878 0.609 0.553 0.000 3.251 0.336 4.34 6.60 2.90  

θ"t-Al13Cu5 1.398 1.398 0.644 0.013 19.93 2.489 6.32 7.98 7.51  

θ'D-Al5Cu3 - - - 0.025 1.238 0.125 9.54 10.41 12.70  

θ't-Al11Cu7 1.010 1.010 0.748 0.000 17.687 0.177 6.51 8.18 7.31  

 

Effect of temperature and pressure on the formation free energies. 

The formation free energies of the precipitation phases are 

calculated based on the following quasi-harmonic model  
        TPVG

nm

n
TPVG

nm

m
TPVGTPVG CuAlalloyCuAl nm

,;,;,;,;






  

(12) 

and the results are shown in Figure 7 and Figure 8. The 

formation free energies of θ"-Al3Cu, θ'C-Al2Cu, θ'D-Al5Cu3 and 

θ't-Al11Cu7 increase with increasing temperature at 0 GPa 

pressure, while those of the other precipitation phases (θ'-

Al2Cu, θ'O-Al2Cu and θ-Al2Cu) decrease, indicating that the 

stability of θ"-Al3Cu, θ'C-Al2Cu, θ'D-Al5Cu3 and θ't-Al11Cu7 

decreases as temperature increases. Experimental results 

indicate that θ"-Al3Cu could be produced at relatively lower 

temperature from 25 to 50 ºC and dissolved at 90-120 ºC [16]. 

The θ'-Al2Cu and θ-Al2Cu precipitates could be generated at 

250-370 ºC [17-19]. The present calculation is in coincidence 

with these experimental observations. 

 
Figure 7  Temperature effect on formation energy Calculated 
formation free energy of precipitates as a function of 
temperature. 
 

Wolverton et al. [2] discussed the influence of entropy on the 

stability of θ-Al2Cu as compared with θ'C-Al2Cu. The present 

calculations also indicate that the formation enthalpy of θ-

Al2Cu (-0.1519 eV/atom) is higher than that of θ'C-Al2Cu (-

0.1684 eV/atom), and the difference ΔH(θ)-ΔH(θ'C) is about 

16.5 meV/atom, which is larger than that (15 meV/atom) of 

the accuracy calculations using the exchange-correlation 

functional of Ceperley and Alder [54]. The calculated harmonic 

entropy difference between θ and θ'C is about +0.25 kB/atom, 

which is less than that (+0.37 kB/atom) of Wolvertaon et al. [2] 

obtained by vibrational density of states. Thus, the 

transformation temperature from θ'C to θ is determined to be 

about 470°C, which is also higher than the prediction of 

Wolverton et al.. It is interesting to note (See Figure 8 (c) and 

(e)) that the formation free energy of θ-Al2Cu decreases with 

an increasing pressure, oppose to that of θ'C-Al2Cu. This 

reveals that the transformation temperature further decreases 

if the pressure exists around the precipitation particle. The 

pressure also stabilizes θ"-Al3Cu, θ'O-Al2Cu and θ-Al2Cu, but 

decreases the stability of θ'-Al2Cu, θ'C-Al2Cu, θ'D-Al5Cu3 and θ't-

Al11Cu7. The formation free energy of the precipitate θt”-

Al13Cu5, which is Cu-deficiency referring to Al2Cu, decreases 

with temperature when the pressure is less than 7 GPa, but 

increases when the pressure is larger than 7 GPa. This 

indicates that the formation of Cu-deficiency precipitation 

phases depends on both temperature and the pressure. 

 

 
Figure 8  Pressure effect on formation energy The formation 
free energies as a function of pressure at different 
temperature for (a) θ"-Al3Cu, (b) θ'-Al2Cu, (c)  θ'C-Al2Cu, (d)  
θ'O-Al2Cu, (e)  θ-Al2Cu, (f) θ'D-Al5Cu3, (g) θ't-Al11Cu7, (h) θ"t-
Al13Cu5 
 

It is noted that the formation free energy of θ'-Al2Cu is lower 

than that of θ-Al2Cu. As the temperature increase, the free 
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formation energy of θ'-Al2Cu decrease more rapidly than that 

of θ-Al2Cu. This means that heat treatment is benefit to the 

precipitation of θ'-Al2Cu. However, the free formation energy 

increases with pressure. The calculated lattice parameter of θ'-

Al2Cu also indicates that the pressure applied on the 

precipitates of θ'-Al2Cu due to its lattice parameters are larger 

than the lattice parameters of Al matrix. 

The effect of externally applied pressure increases or 

decreases the misfit strain between the precipitates and Al 

matrix, which results in a change of pressure on the 

precipitates. The tensile stress applied in the [001] direction 

favors the formation of GP(I) zone and θ’ parallel to the [001] 

axis, while the compressive stress results in the preferential 

formation of GP(I) zones and θ’ perpendicular to the stress axis 

[55]. The present calculated lattice parameters aθ’>aAl and cθ’< 

1.5aAl, which indicates that compress stress decreases the 

lattice parameter of Al matrix along [001] axis whereas 

increase the lattice parameter perpendicular to [001] axis and 

results in the decrease of pressure on θ' if the θ' plate 

perpendicular to [001] axis. From Figure 6(b), one can see that 

the decrease of pressure favor the formation of θ' precipitate. 

Experimental results also indicate that aging under applied 

stress generates an aligned θ"/θ'-precipitate structure with 

higher number density and larger diameter of favored plates 

than those of unfavorable ones, in exactly, compressive stress 

leads to a perpendicular θ"/θ'-plate dominated precipitate 

structure whereas tensile stress favors formation of parallel 

θ"/θ'-plates [21]. In this case, aθ”<aAl, and aθ”<aθ’, the pressure 

and interface mismatch between θ" and θ' maybe complexly 

affect the formation of θ"/θ'-precipitate structure. In the 

present study, the formation free energy is obtained by quasi-

harmonic Debye model [30] and not from the lattice 

vibrational spectra. The perfect crystal models are used and 

simulation size is very limited. The interface energies between 

phases are also not included. These factors result in the 

present studied may not effectively explain aforementioned 

co-precipitate. However, trends of the pressure and 

temperature on the precipitates are still hold. The phase 

change between these phases could be achieved by imposed 

high pressures. However, due to the periodic boundary 

conditions and ideally symmetrical configurations in our 

model, we cannot observe these phase transition in this study. 

The phase transition between these phases is very important 

and deserves further study, although it is not the focus of this 

investigation. 

Based the discussion above, at room temperature, the stability 

of precipitates is following θ'-Al2Cu > θ'D-Al2Cu > θ'C-Al2Cu > 

θ'O-Al2Cu > θ-Al2Cu > θ't-Al2Cu > θ"t-Al2Cu. The heat anneal and 

aging process result in the precipitation of θ-Al2Cu and θ'O-

Al2Cu. 

 

Electronic structures. The total and partial density of states 

(DOS) for precipitates were calculated and the DOS of θ-Al2Cu 

and θ'D-Al5Cu3 are presented in Figure 9. Zero energy in the 

figure corresponds to the Fermi level (EF). All of precipitates 

exhibit metallic features due to the finite DOS values at Fermi 

level. One can see that there are more than two peaks in the 

range from -5 to -3 eV, originating mainly from the p-d 

hybridization of Cu atoms. Also, the delocalization of Al-3p and 

Al-3s electrons can be found over all the valence band and 

conduction band, while Cu-3d electrons become more 

localized, indicating the metallic feature of Al-Al bond.  

 
Figure 9  Electronic densities of state Calculated total and partial 
electronic density of state for the precipitates. (a) θ-Al2Cu, (b) θ'D-
Al5Cu3 (the density of states for Cu-s and Cu-p were enlarged by 20 
times). The Fermi energy level is set to Zero and marked by a 
vertical line. 
 
Furthermore, s-p hybridization between Al atoms is observed 
from -10 to 4 eV, indicating the covalent Al-Al interactions. 
There are relatively high splitting for Al-3p and Cu-3d states 
between (-6, -4) eV, indicating the hybridization between Al-3p 
and Cu-3d orbitals. At the Fermi level, the density of states is 
mainly derived from Cu p and d states, and Al p state. The 
value of DOS at the Fermi level N(EF) represents the stability of 
intermetallics, which the lower value is beneficial to the 
stability of intermetallic. From the Figure 7(a)-(h), The values 
of N(EF) are 0.310, 0.290, 0.289, 0.330, 0.353, 0.185, 0.314, 
0.323 states/eV/atom for θ"-Al3Cu, θ'-Al2Cu, θ'C-Al2Cu, θ'O-
Al2Cu, θ-Al2Cu, θ'D-Al5Cu3, θ't-Al11Cu7 and θ"t-Al13Cu5, 
respectively. It is notable that the value of N(EF) for θ'D-Al5Cu3 
is the lowest and its formation enthalpy is also the lowest (see 
Table 1). Above the Fermi level, the total density of states 
(TDOS) profile is relatively low and flat because the outer d 
orbits of Cu are fully occupied. Among the precipitates, the 
bonding peaks of for θ'D-Al5Cu3 stem from Cu and Al atoms 
moving to lower energy level, implying the enhanced 
interatomic force constants compared with the other 
precipitates. This is accorded with the calculated mechanical 
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properties. It can also be found that the electronic structures 
are dominated by electronegative Cu atoms due to its more 
attractive electron-ion potential. 

Conclusions 

In summary, we have studied the structural energetic, stability, 

and mechanical properties for solid solution, GP(I), and 

precipitation phases of Al-Cu alloys by first-principles 

approaches. Our results of the formation enthalpy of GP(I) 

imply  that a pristine Cu is favorable to form the monolayer Cu. 

The interatomic interaction of Cu atoms in Al matrix shows 

that the nearest neighbor of Cu is the strongest, but decreases 

as the distance between Cu atoms increases, suggesting that 

Cu 2D-cluster is more stable than Cu 3D-cluster. The predicted 

size of GP(I) is about 1.4 nm in diameter, which is in good 

agreement with experimental observations. 

The calculated elastic constants of the precipitates satisfy the 

elastic relationship for their crystal structural stabilities, 

indicating that all the precipitates are mechanically stable. All 

the precipitates are anisotropy except the cubic symmetric θ'C-

Al2Cu. The θ-Al2Cu phase shows the apparent anisotropic 

characteristic, and the θ'D-Al5Cu3 has the highest Vicker’s 

hardness. The segregation diffusion of Cu results in hardening 

of precipitation phase. 

The calculated electronic structures indicate that the density 

of states at Fermi level is mainly derived from Cu p and d 

states, and Al p state. The θ'D-Al5Cu3 has the lowest value of 

N(EF) and is the most stable among the precipitates. 

The formation enthalpies of the precipitates are all negative 

and thus thermodynamically stable. The present calculations, 

based on a quasi-harmonic model, demonstrate that entropy 

plays an important role to stabilize the θ-Al2Cu, as compared 

with θ'C-Al2Cu. The formation free energies of θ"-Al3Cu, θ'C-

Al2Cu, θ'D-Al5Cu3 and θ't-Al11Cu7 increase with temperature, 

while those of θ'-Al2Cu, θ'O-Al2Cu and θ-Al2Cu decrease. The 

pressure is benefit to the formation of θ"-Al3Cu, θ'-Al2Cu and 

θ-Al2Cu. The formation free energy of θ"t-Al13Cu5 decreases 

with temperature under low pressures less than 7 GPa, but 

increases with the pressure larger than 7 GPa. Thus, the effect 

of temperature and pressure on the stability of this precipitate 

is different and tangles the formation of precipitate phases in 

Al-Cu systems, as observed in experiments. Our results could 

be helpful in design of heat treatment and age process of Al 

alloys. 
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