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Abstract
A multiscale quasicontinuum density functional theory method is used to study
the solid solution effect on dislocation nucleation during nanoindentation.
Specifically, an Al thin film with Mg impurities is considered. We find that
the solid solution effect depends sensitively on the local configuration of the
impurities. Although a random distribution of the impurities increases the
hardness of the material, linear distributions of the impurities actually lower
the hardness. In both cases, the strengthening/softening effects are due to
dislocation nucleation. Consistent with recent experiments, the change of the
ideal strength is found to be small. Different incipient plasticity behaviors
are observed: in the pure material, two full dislocations are nucleated under
the indentor. For a random distribution of impurities, two partial dislocations
are formed instead. For linear distributions of impurities, only one partial
dislocation is formed. Thus the nucleation of dislocations is sensitive to the
local distribution of impurities in an alloy.
(Some figures in this article are in colour only in the electronic version)

1. Introduction
Solid solution strengthening, in which substitutional and/or interstitial impurities are
introduced in materials, is a well-known strategy of improving mechanical strength of materials.
Although the classical theory of solid solution strengthening [1] explains how impurities can
increase the flow stress of bulk materials, the theory only accounts for dislocation propagation,
not dislocation nucleation. In other words, the classical theory does not address whether
dislocation nucleation plays an important role in the solid solution effects and to what extent
impurities affect dislocation nucleation. The effect of dislocation nucleation on the mechanical
strength of materials becomes particularly relevant and interesting in small scale mechanical
testing such as in nanoindentation measurements, in contrast to large volume mechanical
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testing that typically measures the motion of pre-existing dislocations under applied stresses.
Nanoindentation, which evaluates the mechanical properties of small volumes of materials,
can quantify the stress required to nucleate dislocations in dislocation-free solids [2–13]. In
particular, the nanoindentation measurements can reach length scales modeled by atomistic
methods, thus allowing direct comparisons with atomistic simulations.
Aluminum (Al) and Al alloys are widely used in both everyday life and in aerospace,
packaging, construction, automotive and sports industries. Magnesium (Mg) is one of the most
effective and commonly used alloying elements for aluminum. Al–Mg alloys possess many
desirable physical properties, such as an advantageous strength to weight ratio, good fracture
toughness and corrosion resistance that are superior to pure Al [14–16]. In the commercial
Al–Mg alloys, Mg content ranges from 0.5% to 13%; while low-Mg Al alloys have the best
formability, the high-Mg alloys often exhibit good castability and high strength.
Although the mechanism by which Mg impurities strengthen an Al alloy [17, 18] is well
established, the same cannot be said for Mg’s effect on dislocation nucleation in a dislocationfree or low-dislocation-density Al alloy. In particular, the relative importance of dislocation
nucleation in the overall solid solution effects is not clear; the dependence of dislocation
nucleation on the local configuration of the impurities is not well understood. As alluded to
earlier, nanoindentation measurements are probably the best experimental approach to address
these issues; they are capable of assessing elastic moduli and hardness of materials at small
scales and exploring the elastic limit and incipient plasticity of crystalline solids [8, 10–12, 19].
Therefore, the capability to simulate the nanoindentation by realistic computer modeling could
be very useful in both fundamental understanding of the solid solution effects on the ideal
strength and perhaps design of alloys.
To study alloys with multiple elements, quantum mechanical simulations at large length
scales are often desired. The reasons are two-fold. On one hand, quantum mechanical
simulations are attractive because they are based on fundamental physical principles and do
not depend on empirical input. By contrast, the simulations based on empirical potentials
or force fields are reliable only in the regime in which the potentials were fit. In particular,
fitting potentials for more than two elements has turned out to be exceedingly difficult. As a
result, the transferability of empirical potentials is often questionable and their predictability
for unknown structures and alloys is dubious at best.
In this paper, we use a multiscale approach whose energetics are determined entirely
based on density functional theory (DFT). The method, termed QCDFT [20], combines
the coarse gaining idea of the quasicontinuum (QC) approach and the coupling strategy of
the quantum mechanics/molecular mechanics (QM/MM) method and represents an advance
in the quantum simulation of materials properties. It should be stated, however, QCDFT is
not a brute-force electronic structure method, but rather a multiscale approach that can treat
large systems—effectively up to billions of electrons quantum mechanically. Therefore, some
of the electronic degrees of freedom are reduced to continuum degrees of freedom in QCDFT.
On the other hand, although QCDFT utilizes the idea of QM/MM coupling, it does not involve
any classical/empirical potentials or force fields in the formulation—the energy calculation of
QCDFT is entirely based on DFT.
Since QCDFT is formulated within the framework of the QC method, we shall give
a short introduction to QC in section 2.1. In section 2.2, we briefly explain the local
QCDFT calculation. In section 2.3, we summarize the DFT-based QM/MM approach
that can treat the nonlocal QC region accurately and efficiently. In section 3, we apply
QCDFT to study nanoindentation of an Al thin film in the presence and absence of Mg
impurities. We present the nanoindentation results in section 4 and finally conclusions in
section 5.
2
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2. QCDFT methodology
2.1. QC method
The QCDFT method is an extension of the original QC method [21, 22] which models an
atomistic system without explicitly treating every atom in the problem. In QC, the full set of
N atoms is replaced with a small subset of Nr ‘representative atoms’ or repatoms (Nr  N )
that approximate the total energy through appropriate weighting. The repatoms are divided into
two types, depending on their deformation state. Atoms experiencing large variations in the
deformation gradient on an atomic scale are classified as nonlocal atoms and their energies are
computed in the same way as in a standard atomistic method. In contrast, atoms experiencing a
smooth deformation gradient field are classified as local atoms and their energies are computed
based on the deformation gradient G in their vicinity. The total energy of the system is thus
broken into two contributions:
QCDFT
Etot
= E nl + E loc
N

loc

= E nl [ρ tot ] +

nj Ejloc ({G}).

(1)

j =1
tot

Here ρ is the total electron density of the system; nj is the number of atoms that are
represented by the j th repatom and Ejloc is the energy density associated with the j th repatom.
There are N loc such local repatoms. The calculation in the nonlocal region is identical to that
in first principles DFT methods whose energy depends on the electron density. On the other
hand, the energy of a local repatom only depends on the deformation gradient G characterizing
the finite strain around its position.
2.2. Local QC calculation with DFT
In the local QC region, a finite element mesh is constructed with each repatom on the vertices
of surrounding finite elements. The energy and force of each local repatom can be obtained
from the strain energy density and the stress tensor of the finite elements that share the same
repatom. More specifically, according to the Cauchy–Born rule, the deformation gradient G
is the same everywhere in a given finite element, therefore the local energy density and the
stress tensor for each finite element can be calculated as a perfect infinite crystal undergoing
a uniform deformation specified by G.
For the deformation gradient Gk associated with the kth element, a periodic DFT
calculation can be performed to determine the strain energy per unit cell E DFT (Gk ). The
energy of the j th local repatom is a weighted sum of the strain energy E DFT (Gk ) of the
associated finite elements and expressed as
Ejloc ({G}) =

Mj


wj k E DFT (Gk ),

(2)

k=1

where Mj is the total number of finite elements shared by the j th repatom and wj k is the weight
associated with the kth finite element for the j th local repatom. The stress tensor of the kth
element can be evaluated as follows:
1  ∂E DFT (Gk )
σab =
hbν
(3)
 ν
∂haν
with  being the volume of the deformed unit cell and hij denoting the ith Cartesian component
of the deformed lattice vector hj . The force on the j th local repatom is obtained from the stress
3
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Figure 1. The schematic diagram of domain partitioning in QCDFT with a dislocation in an
Al lattice as an example. The filled and open circles represent the nonlocal and buffer atoms,
respectively. The dashed box represents I and the solid box represents the periodic box B . The
volumes I and B are 2.8 Å and 8 Å beyond region I in the ±x and ±y directions, respectively.

tensor of surrounding finite elements [21]. The local QC formalism has been combined with
orbital-free DFT (OFDFT) to predict dislocation nucleation in Al and Al3 Mg alloy [11, 12, 19].
2.3. Nonlocal QC calculation with DFT
For nonlocal QC calculations, a QM/MM approach is used. In a typical QM/MM calculation,
the system is partitioned into two domains: a QM region and an MM region. In the context of
QCDFT, the QM atoms refer to the nonlocal repatoms and the MM atoms refer to the buffer
atoms which are a combination of both dummy atoms and local repatoms in QC terminology.
The so-called dummy atoms, located in the local region, are not independent degrees of
freedom, but rather slaves to the local repatoms. The position of a dummy atom is determined
by the finite element interpolation from the relevant local repatom positions [21, 22]. The
buffer atoms provide the appropriate boundary conditions for the nonlocal DFT calculation
while the energy of the dummy atoms is still treated with the Cauchy–Born rule, consistent
with their status. The self-consistent embedding theory [23–25] is employed for the QM/MM
calculations. More specifically, both the energy of the nonlocal atoms and the interaction
energy between the nonlocal atoms and the surrounding buffer atoms are calculated by DFT.
To simply the notation, we denote the nonlocal region as region I, and the buffer region as
region II, as shown in figure 1. Typically, the buffer region consists of several atomic layers
surrounding the nonlocal region. We associate each buffer atom in region II with a valence
electron density (ρ at ) and a pseudopotential; both of them are constructed a priori and remain
fixed during a QM/MM simulation [24]. The nonlocal energy E nl as defined in equation (1)
can be expressed as
int
E nl = minρ I {EDFT [ρ I ; RI ] + EOF
[ρ I , ρ II ; RI , RII ]}.
I

II

(4)

Here R and R denote atomic coordinates in region I and II, respectively. The charge density
of region I, ρ I , is the degree of freedom and is determined self-consistently by minimizing the
nonlocal energy functional. The charge density of region II, ρ II , is defined as the superposition
4
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Figure 2. Schematic representation of the nanoindentation of Al thin film showing the relevant
dimensions and orientations.

of atomic-centered charge densities ρ at , which only changes upon the relaxation of region II
int
, formulated by OFDFT [26, 27] is defined as follows:
ions. The interaction energy, EOF
int
EOF
[ρ I , ρ II ; RI , RII ] = EOF [ρ tot ; Rtot ] − EOF [ρ I ; RI ] − EOF [ρ II ; RII ],
(5)

where Rtot ≡ RI RII and ρ tot = ρ I + ρ II . A single-particle embedding potential µemb (r )
can be defined as a functional derivative of the interaction energy with respect to ρ I

µemb (r ) ≡

int
δEOF
[ρ I , ρ II ; RI , RII ]
,
δρ I

(6)

which represents the effective potential that region I electrons feel due to the presence of
region II [23, 24]; it is through µemb (r ) that the QM/MM coupling is achieved quantum
mechanically at the level of OFDFT. The embedding potential provides boundary conditions for
ρ I and is updated self-consistently during the minimization of the nonlocal energy functional.
A basic ansatz of the nonlocal energy functional (equation (4)) is that ρ I must be confined
within a finite volume (I ) that is necessarily larger than region I, as shown in figure 1. In
other words, ρ I vanishes beyond I . In addition, to efficiently compute some terms in the
formulation of equation (5) using fast Fourier transform, we also introduce a volume B
(as shown in figure 1) over which the periodic boundary conditions are applied. The details of
implementation of the periodic boundary conditions can be found in [24].
3. Computational details
3.1. Model setup
The present QCDFT approach is applied to simulate the nanoindentation of an Al thin film
resting on a rigid substrate below a rigid knife-like indenter. We choose this particular system
because there exists a good kinetic energy functional (required for OFDFT calculations) and
EAM potential [28] for Al. In this paper, we have rescaled the ‘force-matching’ EAM potential
of Al [28] so that it matches precisely the DFT value of the lattice constant and bulk modulus
of Al [20].
The crystallographic orientation of the system is displayed in figure 2. The size of the
entire system is 2 µm ×1 µm ×4.9385 Å along the [1 1 1] (x direction), the [1̄ 1 0] (y direction)
and the [1̄ 1̄ 2] (z direction), respectively. The system is periodic in the z-dimension and has
Dirichlet boundary conditions in the other two directions. The entire system contains over
60 million Al atoms—a size that is beyond the reach of a full-blown quantum mechanical
5

Modelling Simul. Mater. Sci. Eng. 18 (2010) 075003

Q Peng et al

calculation in which all atoms are treated explicitly. The unloaded system is a perfect single
crystal similar to a typical experimental situation. The film is oriented so that the preferred slip
system 1 1 0{1 1 1} is parallel to the indentation direction to facilitate dislocation nucleation.
The indenter is a rigid flat indenter of width 25 Å. We assume the perfect-stick boundary
condition for the indenter so that the Al atoms in contact with it are not allowed to slip. The
knife-like geometry of the indenter is dictated by the pseudo-two-dimensional (2D) nature of
the QC model adopted here. Three-dimensional QC models do exist and can be implemented
in QCDFT [11, 12, 29]. We choose to work with the pseudo-2D model in this example for
simplicity. The prefix pseudo is meant to emphasize that although the analysis is carried out in
a 2D coordinate system, out-of-plane displacements are allowed and all atomistic calculations
are three-dimensional. Within this setting, however, only dislocations with line directions
perpendicular to the xy plane can be nucleated.
The simulation is performed quasistatically with a displacement control where the
indentation depth (d) is increased by 0.1 Å at each loading step. Because DFT calculations
are much more expensive than EAM, we use EAM-based QC [8] to relax the system for
most of the loading steps at first. At d = 2.0, 3.0, 5.5, 6.0, 7.0, 7.1, 7.5 Å, the corresponding
EAM configurations are further relaxed by QCDFT. The QCDFT loadings are carried out after
d = 7.5 Å starting from the full relaxed EAM-QC configuration of previous loading step, until
the onset of the plasticity occurs at d = 8.2 Å for pure Al.
To study the effect of Mg impurities on the ideal strength and incipient plasticity of the
Al thin film, three different cases are considered, each with five Mg impurities. Since the
simulations are quasi-2D and the periodic boundary condition is applied along the [1̄ 1̄ 2]
direction, we are effectively simulating a row of Mg impurities interacting with (nucleated)
straight dislocations. Therefore, although the apparent concentration of Mg impurities in the
simulations is about 0.1 ppm, the concentration of Mg impurities along the [1̄ 1̄ 2] is very
high (the neighboring Mg impurities are separated by ∼5 Å). These five Mg impurities are
placed in three different geometries: (i) randomly below the indenter, as schematically shown
in figure 3(b), referred to as random; (ii) a linear configuration on the tension side of the slip
plane, as schematically shown in figure 3(c), referred to as tension. In this case, the impurities
are placed below the slip plane of a nucleated edge dislocation whose extra atomic plane is
above the slip plane. (iii) A linear configuration on the compression side of the slip plane as
schematically shown in figure 3(d), referred to as compression. In this case, the impurities are
on the same side of the extra atomic plane of the dislocation. The reference system of pure Al
is referred to as pure. In the following QCDFT calculations, the pure system is relaxed first,
then the impurities are introduced followed by full relaxation again.
The parameters of the OFDFT kinetic energy functional with a density-dependent kernel
are from [27]. Since OFDFT is an approximation to Kohn–Sham DFT (KSDFT), fitting
parameters to a more exact KSDFT theory keeps the method fully non-empirical, which is very
important. The local pseudopotential for Al and Mg ion is taken from [30, 31], respectively.
The local-density approximation (LDA) [32] is used for the exchange-correlation functional. A
high kinetic energy cutoff for the plane wave basis of 1600 eV is used to ensure the convergence
of the charge density. Nonlocal interactions are included in OFDFT, through the nonlocal
Coulomb interaction and the nonlocal kinetic energy density functional. For the nonlocal
calculation, the grid density in volume I is 5 grid-points per Å. The I box goes beyond
the nonlocal region by 2.8 Å in the ±x and ±y directions so that ρ I decays to zero at the
boundary of I , as shown in figure 1. The periodic box B extends 8.0 Å in the ±x and ±y
directions beyond the nonlocal region. The relaxation of all repatoms is performed by the
conjugate gradient method until the maximum force on any repatom is less than 0.03 eV Å−1 .
The typical dimensions of a nonlocal QCDFT calculation are 60 × 60 × 4.9385 Å3 , containing
6
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Figure 3. Schematic diagram of Mg impurities in the Al thin film corresponding to (a) pure,
(b) random, (c) tension, (d) compression cases. The red/light grey and blue/dark grey circles
represent nonlocal Al and Mg atoms, respectively. The dashed line indicates the active slip plane
for the nucleated dislocations. The axis units are given in Å.

approximately 1300 nonlocal atoms and 2000 dummy atoms. There are correspondingly 3200
finite elements in the local region. Overall, the system effectively contains over 60 million
atoms. The standard QC procedure for re-meshing is used in the calculations. Taking the
eigenvalues of the deformation gradients in two neighboring finite elements a and b to be λak
and λbk (k = 1, 2, 3), the nonlocality (or re-meshing) is triggered if maxa,b;k |λak − λbk | > δ,
where δ is the nonlocality criterion [21]. In this paper, δ is taken as 0.15.
At d = 3.0, 6.0, 7.5 Å, the full QCDFT relaxations are performed for the pure system first,
then the random distribution of impurities is introduced, followed by full QCDFT relaxations
again. The QCDFT calculations are carried out after d = 7.5 Å starting from the fully relaxed
configuration of the previous loading step, until the onset of the plasticity occurs at d = 8.1 Å.
At d = 3.0, 5.5, 6.0, 7.0 Å, the tension results are obtained after full QCDFT relaxations of
the pure Al system. The QCDFT calculations are performed after d = 7.0 Å starting from
the fully relaxed configuration of the previous loading step, until the onset of the plasticity
occurs at d = 7.2 Å. At d = 3.0, 5.5, 6.0, 7.0, 7.5 Å, the compression results are obtained
after full QCDFT relaxations of the pure Al system. The QCDFT calculations are carried out
after d = 7.5 Å starting from the fully relaxed configuration of the previous loading step, until
the onset of the plasticity occurs at d = 7.9 Å.
3.2. Elastic moduli
To put the nanoindentation results in context, we first calculate the elastic moduli of bulk Al
using the periodic OFDFT method. The fcc crystal has three independent elastic constants
C11 , C12 and C44 . As a result, a set of three equations is need to determine the elastic constants
and moduli. Three highly symmetrical modes of deformation are applied in the OFDFT
7
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Table 1. Elastic constants, moduli and Poisson’s ratio obtained by OFDFT on bulk Al for pure Al
and two concentrations of Mg impurities.

C11 (GPa)
C12 (GPa)
C44 (GPa)
K (GPa)
µ (GPa)
ν

Pure

0.2%

1%

88.22
55.84
30.11
66.63
24.55
0.3360

88.32
55.87
30.20
66.69
24.61
0.3357

87.80
55.25
30.95
66.10
25.08
0.3316

calculations. The cubic computational supercell (5 × 5 × 5) contains 500 Al atoms for the
pure system, 499 Al atoms and 1 Mg atom for the 0.2% impurity system and 495 Al atoms
and 5 Mg atoms which are arranged randomly for 1% impurity system, respectively. Periodic
boundary conditions are applied in all three directions. The computational parameters of the
stand-alone OFDFT calculations are the same as those used in the QCDFT calculations. The
total energy is calculated as a function of applied strain to the supercell, from which the elastic
moduli and constants are determined. The goal of the calculations is to estimate the effect
of the impurity on the elastic moduli and constants. The first applied deformation mode is
equiaxial, for calculating the bulk modulus K, which is related to the elastic constants by
K = 13 (C11 + 2C12 ). The second mode of deformation is the volume-conserved tetragonal

 0
0
0
strain. The strain tensor is given as 0 
, where  = (1 + e)−1/3 − 1. Here e is
1
0

0

(1+)2

−1

related to the lattice constant ratio c/a by c/a = 1 + e. The
third mode of deformation is
1 1 1
e 1 1 1
a rhombohedral distortion, with the strain tensor 3
. C11 , C12 , C44 can be obtained
1

1

1

through the previous three deformation modes [33, 34]. The shear modulus µ and Poisson’s
ratio ν are computed from the elastic moduli by a Voigt average [35]: µ = (C11 −C12 +3C44 )/5
and ν = (C11 + 4C12 − 2C44 )/(2(2C11 + 3C12 + C44 )). The results are summarized in table 1.
The elastic constants except C44 seem to have a complicated dependence on Mg concentration.
On the other hand, the shear modulus µ and C44 appear to increase as a function of Mg
concentration. However, for the concentrations considered here, the increase in the shear
modulus is modest, about 2%.
3.3. Generalized stacking fault energy (GSFE)
We also calculated the (1 1 1) plane GSFE along the [1̄ 1 0] and [1̄ 1̄ 2] directions in the presence
and absence of Mg impurities. GSFEs in both directions are relevant because dislocations in fcc
metals tend to dissociate into Shockley partial dislocations that acquire displacement vectors in
both directions. We carried out three calculations to examine the dependence of the GSFE on
the concentration of the impurities. More specifically, three supercells are constructed, which
contain 24, 60 and 600 atoms, respectively, distributing equally into six layers. In the layer
adjacent to the stacking fault, 1 Mg impurity is introduced in the first and the second supercell
and 5 Mg impurities are introduced in the third supercell, corresponding to an overall Mg concentration of 4.17%, 1.67% and 0.83%, respectively. In the case of 5 Mg impurities, Mg atoms
are arranged both randomly and linearly. The linear distribution of the impurities is along the
[1̄ 1 0] direction, corresponding to the QCDFT configuration. The intrinsic stacking fault (ISF)
energy for both impurity distributions is given in table 2. Note that the ISF energy for the linear
distribution of the impurities is listed under the column of compression/tension for convenience.
8
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Table 2. The shear modulus µ, ISF energy γisf , stacking fault width w measured from QCDFT
calculation results and the dislocation energy E dis (calculated with equation (7)), corresponding to
the pure, random, compression and tension cases.

µ (GPa)
γisf (J m−2 )
w (Å)
E dis (eV)

Pure

Random

Compression

Tension

24.55
0.12
20,20
3.94

25.08
0.11
32,30
3.03

25.07

25.07
0.11

28
1.37

7
0.67

The computational details of GSFE surface can be found from [36, 37]. The atomic relaxation
along the direction that is perpendicular to the slip plane is √
found to be small. For example,
2 3
0√
0 
the lattice vectors of the 600-atom supercell are given by 0 25 2 √0 a0 . Here a0 is the
0

0

6
2

equilibrium lattice constant. The results for GSFEs of different concentrations of impurities
are plotted in figure 4. Because of the reflection symmetry along [1̄ 1 0], only one-half of the
GSFE curve is shown in the left column of figure 4. Along the [1̄ 1̄ 2] direction, only the relevant portion of the GSFE, which includes the displacement up to the ISF, is shown. The general
trend is an increasing change in the GSFE with increasing Mg content. At a low concentration
of 0.83%, the increase in GSFE is negligible. Interestingly, the ISF energy (the end-point in the
[1̄ 1̄ 2] direction) of the alloys is actually slightly reduced compared with the pure system for all
three concentrations considered here. For a comparison purpose, we have also calculated the
(1 1 0) surface energy γ1 1 0 , using the embedding-atom-method (EAM), OFDFT and KSDFT
methods, respectively; the numbers are γ1 1 0 = 0.93 J m−2 (EAM), 1.05 J m−2 (OFDFT) and
0.99 J m−2 (KSDFT) J m−2 respectively. They are much larger than the GSFEs.
4. Results and discussion
The load–displacement curve is the typical observable for nanoindentation, and is widely used
both experimentally and theoretically, often serving as a link between the two. In particular,
it is conventional to identify the onset of incipient plasticity with the first drop in the load–
displacement curve during indentation [7–11, 13, 20, 29, 38, 39]. In this work, the load is given
in N m−1 , normalized by the length of the indenter in the out-of-plane direction.
For pure Al, the load–displacement (P –d) curve shows a linear relation initially, followed
by a drop at d = 8.2 Å in figure 5. The drop corresponds to the nucleation of dislocations
beneath the indenter—the onset of plasticity. A pair of edge dislocations are nucleated at
x = ±13 Å, and y = −45 Å. In figure 6, we present the out-of-plane (or screw) displacement
uz of the nonlocal repatoms. The non-zero screw displacement of the edge dislocations suggests
that each dislocation is dissociated into two 1/61 1 2 Shockley partials bound by a stacking
fault with a width of about 20 Å. The activated slip planes are {1 1 1} type and are adjacent to
the edges of the indenter. The slope for the linear part of the curve is 27.1 GPa, which is greater
than the shear modulus µ = 24.6 GPa but less than C44 = 30.1 GPa. The critical load, Pcr , for
the dislocation nucleation is 18.4 N m−1 , corresponding to a hardness of 7.2 GPa. The hardness
is obtained by dividing the critical load with the width of the indenter. The drop in the applied
load due to the nucleation of dislocations is P = 6.8 N m−1 , similar to the value estimated
by an elasticity model [8], which is P = 7.7 N m−1 . The P –d curves in general do not pass
the origin due to the surface tension [8]. It should be pointed out since the present QCDFT is a
static relaxation method, dislocations do not ‘travel’ from a location to another as in dynamical
simulations; they are simply nucleated at a location where the energy is a minimum.
9
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Figure 4. GSFEs as a function of Mg concentration and directions. The left (right) column
represents the GSFE along the [1̄ 1 0] ([1̄ 1̄ 2]) direction. The first, second and third rows present
the GSFEs for Mg concentrations of 4.17%, 1.67% and 0.83%, respectively. The dashed (solid)
line corresponds to the pure (alloy) systems. See text for details.

For randomly distributed impurities, the load–displacement curve shows a linear relation
up to a depth of 8.0 Å, followed by a drop at d = 8.1 Å in figure 5. The slope of the initial
linear part of the load–displacement curve is 26.7 GPa, rather close to the corresponding pure Al
value. The maximum load in linear region is Pcrim = 19.2 N m−1 , corresponding to a hardness
of 7.5 GPa, which is 0.3 GPa or 4% greater than that of the pure Al. A pair of Shockley
partial dislocations is nucleated at x = −13 Å, y = −40 Å and x = 13 Å, y = −38 Å,
respectively, as shown in figure 6. The fact that the hardness of the Al–Mg alloy is greater
10
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Figure 5. Load–displacement (P –d) plot for the nanoindentation of the Al thin film with a rigid
rectangular indenter: pure (solid line), random (dashed line), tension (dotted line), compression
(dashed–dotted line) obtained from QCDFT calculations. The lines are the best fit to the
corresponding simulation data points.

than that of the pure Al is an indication of the strengthening effect of the Mg impurities on the
ideal strength of Al. However, the magnitude of the strengthening is insignificant, and is on
the order of the changes in the shear modulus. This finding is consistent with an experimental
study on Cu–Ni solid solution alloys [40]; the nanoindentation measurements demonstrated
the effect of solute impurities on the formation of dislocations in a previously dislocation-free
region to be minimal. Moreover, the experimental study suggested that overall dislocation
nucleation is strongly related to the shear modulus in this system. It is clear from our results
that the origin of the strengthening is not due to the propagation of dislocations, but rather the
nucleation of dislocations. The presence of randomly distributed Mg impurities hinders the
nucleation of dislocations. In fact, only the leading partial dislocations are nucleated, trailing
by stacking faults as shown in figure 6(b). This result is in contrast to the pure system where
full dislocations are nucleated at a larger distance below the surface. The drop in the applied
load due to incipient plasticity is 5.9 N m−1 , less than that of the pure system (6.8 N m−1 ).
The smaller drop of the load in the random case is because partial dislocations are nucleated
instead of full dislocations as in the pure system. We expect that the critical load/hardness
corresponding to nucleation of full dislocations in this case will be higher because of work
hardening (strengthening of a metal by plastic deformation).
The reason why partial dislocations are nucleated as opposed to full dislocations in
the presence of random impurities can be understood from the following simple energetic
consideration. E dis , the energy of the dislocation can be approximated by the contributions of
the elastic energy E el and the stacking fault energy E sf
E dis = E el + E sf
µ
b2 + γisf ∗ w,
=
2π(1 − ν)

(7)

where µ, ν, b, γisf and w are the shear modulus, Poisson’s ratio, the Burgers vector, the ISF
energy and the width of the stacking fault, respectively. Here w is measured from the QCDFT
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Figure 6. The out-of-plane displacement uz corresponding to (a) pure, (b) random, (c) tension,
(d) compression cases obtained from QCDFT calculations. The displacement ranges from −0.5
(blue) to 0.5 (red) Å. The black dots indicate the position of the Mg impurities. All distances are
given in Å.

results. Because µ is increased in the presence of the impurities, the system could lower its
energy by reducing b, i.e. dissociation into partials. Of course, it is energetically favorable
only if γisf and w are not too large. The fact the γisf value is slightly reduced in the presence of
Mg impurities helps the dissociation. Using the quantities tabulated in table 2, we find that the
energy of the random impurities system (with two partial dislocations) relative to the perfect
crystal is 0.91 eV lower than that of the pure system (two full dislocations). The Burgers
vectors for full and partial dislocations are determined to be 2.85 Å and 1.65 Å, respectively.
The width of the stacking fault (w) has two entries for the pure and random cases since two
dislocations are nucleated.
For Mg impurities below the slip plane (the tension case), the load–displacement curve
shows a linear relation up to a depth of 7.1 Å, followed by a drop at d = 7.2 Å (dotted line
in figure 5). The maximum load in linear region is Pcrim = 17.8 N m−1 , corresponding to a
hardness of 6.5 GPa, which is 0.7 GPa or 10% smaller than the pure Al system. A single
Shockley partial dislocation is nucleated at x = −13 Å, y = −14 Å as shown in figure 6(c).
The drop in the applied load due to the dislocation nucleation is 2.3 N m−1 .
Similarly, for Mg impurities above the slip plane (the compression case), the load–
displacement curve is linear up to a depth of 7.8 Å, followed by a drop at d = 7.9 Å, as shown
by the dotted-dashed line in figure 5. The maximum load in linear region is Pcrim = 18.3 N m−1 ,
corresponding to a hardness of 7.1 GPa, which is 0.1 GPa smaller than the pure Al system. A
single Shockley partial dislocation is nucleated at x = −13 Å, y = −35 Å in figure 6. The
drop in the applied load due to the dislocation nucleation is 4.2 N m−1 .
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From the above results, we conclude that a linear distribution of Mg impurities can actually
soften the material and render dislocation nucleation easier than in pure Al. In other words, the
solid solution effect on dislocation nucleation depends sensitively on the local configuration of
the impurities. In the three cases (of the same Mg concentration) studied here, the hardness of
the alloys varies and the impurities can either increase or decrease the hardness, depending on
their configuration. It should be emphasized that the change in hardness is associated with dislocation nucleation, not with dislocation propagation. Although it is well known that dislocation
propagation (or dislocation-impurity interaction) depends sensitively on the impurity configuration, it is less recognized that the impurity configuration also affects dislocation nucleation.
The reason that the hardness in the tension case is less than that in the compression case can
be understood from ionic size considerations. The ionic radius of Al is 0.54 Å, which is much
smaller than that of Mg (0.86 Å). In the compression case, since smaller Al atoms are replaced
by larger Mg atoms in a compression region, the substitution increases the compressive stress,
and makes it more difficult to form edge dislocations, thus a higher hardness. On the other
hand, the replacement of smaller Al atoms by larger Mg atoms in a tension region reduces
the tension and makes it easier to form the dislocations, hence a lower hardness. Because the
impurities in these cases are located on one side of the indentor, the symmetry is broken and a
dislocation is nucleated only on one side of the thin film. Because only one partial dislocation
is nucleated in the compression and tension cases, the energy of the two cases relative to the
perfect crystal is much smaller, as shown table 2.
5. Conclusions
In summary, we use the recently introduced QCDFT method, which can simulate multimillion atoms based on DFT, to study solid solution effects on dislocation nucleation during
nanoindentation. An Al thin film in the presence and absence of Mg impurities is examined.
We predict that the solid solution effect depends sensitively on the local configuration of
the impurities. Although a random distribution of the impurities increases the hardness of the
material, linear distributions of impurities actually lower the hardness. In both cases, the effects
are entirely due to dislocation nucleation; solid solution strengthening owing to dislocation
motion is not considered here. Consistent with experimental results on Ni/Cu alloys, the
change of the ideal strength is found to be small, of the same order of magnitude of the change
in shear modulus. On the other hand, the incipient plasticity is observed to be quite different
among the different distributions of impurities. In pure Al, two full dislocations are nucleated
under the indentor with opposite sign. For a random distribution of impurities, two partial
dislocations are nucleated instead. For linear distributions of the impurities, only one partial
dislocation is nucleated. Our findings suggest that random distributions of Mg impurities offer
the best means to harden Al.
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